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A Simple Example

for MC

GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3]) modified

{device 1

device 2 (high precision)

I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with means
(
V̂
Î

)
,

known covariances U1
x 6= U2

x

⇒
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A Simple Example

for MC

GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3]) modified

{device 1

device 2 (high precision)

I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with means
(
V̂
Î

)
,

known covariances U1
x 6= U2

x

⇒ GUM not applicable
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GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3])

modified

{device 1
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A Simple Example for MC

GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3]) modified

{device 1
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I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with mean
(
V̂
Î

)
,

known covariance U1
x = U2

x

⇒ Monte Carlo (R code with mvtnorm package, [R Core Team, 2015])

MC=rmvnorm(n=10^4,mean=colMeans(data),sigma=Ux)

Z=MC[,1]/MC[,2]*1000
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A Simple Example for MC

GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3]) modified

{device 1
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I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with mean
(
V̂
Î

)
,

known covariance U1
x = U2

x

⇒ Monte Carlo (R code with mvtnorm package, [R Core Team, 2015])

MC=rmvnorm(n=10^4,mean=colMeans(data),sigma=Ux)

Z=MC[,1]/MC[,2]*1000
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A Simple Example for MC

GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3]) modified

{device 1
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I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with mean
(
V̂
Î

)
,

known covariance U1
x = U2

x

⇒ Monte Carlo (R code with mvtnorm package, [R Core Team, 2015])

MC=rmvnorm(n=10^4,mean=colMeans(data),sigma=Ux)

Z=MC[,1]/MC[,2]*1000
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A Simple Example for MC

GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3]) modified

{device 1
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I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with mean
(
V̂
Î

)
,

known covariance U1
x = U2

x

⇒ Monte Carlo (Matlab® code with statistics toolbox, [MATLAB, 2015])

MC=mvnrnd(mean(data),Ux,1e4);

Z=1000*MC(:,1)./MC(:,2);
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A Simple Example for MC

GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3]) modified

{device 1
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I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with mean
(
V̂
Î

)
,

known covariance U1
x = U2

x

⇒ Monte Carlo

I draw independent samples from input pdf
I transform by measurement fct.
⇒ estimates, uncertainties, coverage intervals, ... (if existent)

MCMC methods BIPM Workshop on Measurement Uncertainty, Paris, 15/06/2015 – p. 3/18



Introduction

MCMC basics

Example MCMC

The MCMC idea

M-H algorithm

Details: M-H

Diagnostics

Types of MCMC

Issues

MCMC applied

Summary

A Simple Example for MCMC

GUM example (S2 [BIPM et al., 2011, Ex. 9.4], Revision [Ex. 5.3]) modified

{device 1

device 2 (high precision)

I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with means
(
V̂
Î

)
,

known covariances U1
x 6= U2

x

⇒ Bayesian framework:
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I measurand: V, I and Z = V/I

I assume: bivariate N-distribution with means
(
V̂
Î

)
,

known covariances U1
x 6= U2

x

⇒ Bayesian framework:

posterior ∝ likelihood × prior
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The MCMC idea

Bayesian framework:

posterior ∝ likelihood × prior

posterior distribution:

⇒ integration (for normalization, estimate, uncertainty, CI, ...)

I analytically

I numerically
(deterministic methods)

I direct sampling (MC)

usually impossible

often difficult

(high dimension)

often impossible

(non-stand./high-dim. pdf)

⇒ A Markov Chain Monte Carlo (MCMC) method for the
simulation of a distribution f is any method producing an
ergodic Markov Chain whose stationary distribution is f.
[Robert and Casella, 2004]

Markov Chain: dependent samples (not independent)
ergodic & stationary: after some time all samples are from f
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The basic MCMC: Metropolis-Hastings

Metropolis-Hastings algorithm [Hastings, 1970]:
I simple, versatile method to construct an

‘ergodic Markov Chain with stationary distribution f’

I choose a proposal distribution q
choose a starting value X0

For t = 1, 2, . . .
Sample point Y from q(.|Xt)
Take Xt+1 = Y with probability α(Xt, Y)
Xt+1 = Xt otherwise

α(Xt, Y) = min

(
1,
f(Y)q(Xt|Y)

f(Xt)q(Y|Xt)

)
I converges to f: no matter which X0 or q (wide enough)

[Metropolis et al., 1953]
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The basic MCMC: Metropolis-Hastings

Metropolis-Hastings algorithm [Hastings, 1970]:
I simple, versatile method to construct an

‘ergodic Markov Chain with stationary distribution f’

I choose a proposal distribution q=U(x-δ,x+δ)
choose a starting value X0,x=(4.95,19.66)

For t = 1, 2, . . .
Sample point Y from q(.|Xt)
Take Xt+1 = Y with probability α(Xt, Y)
Xt+1 = Xt otherwise

α(Xt, Y) = min
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1,
f(Y)q(Xt|Y)

f(Xt)q(Y|Xt)

)
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The basic MCMC: Metropolis-Hastings

Metropolis-Hastings algorithm [Hastings, 1970]:
I simple, versatile method to construct an

‘ergodic Markov Chain with stationary distribution f’

I choose a proposal distribution q=U(x-δ,x+δ)
choose a starting value X0,x=(4.95,19.66)

For t = 1, 2, . . .
y=runif(2,min=x-delta,max=x+delta)

Take Xt+1 = Y with probability α(Xt, Y)
Xt+1 = Xt otherwise

α(Xt, Y) = min

(
1,
f(Y)q(Xt|Y)

f(Xt)q(Y|Xt)

)
I converges to f: no matter which X0 or q (wide enough)

[Metropolis et al., 1953]
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The basic MCMC: Metropolis-Hastings

Metropolis-Hastings algorithm [Hastings, 1970]:
I simple, versatile method to construct an

‘ergodic Markov Chain with stationary distribution f’

I choose a proposal distribution q=U(x-δ,x+δ)
choose a starting value X0,x=(4.95,19.66)

For t = 1, 2, . . .
y=runif(2,min=x-delta,max=x+delta)

if (runif(1)>f(y)/f(x)) y=x

Y[t,]=y, x=y

α(Xt, Y) = min

(
1,
f(Y)q(Xt|Y)

f(Xt)q(Y|Xt)

)
I converges to f: no matter which X0 or q (wide enough)

[Metropolis et al., 1953]
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The basic MCMC: Metropolis-Hastings

Metropolis-Hastings algorithm [Hastings, 1970]:
I simple, versatile method to construct an

‘ergodic Markov Chain with stationary distribution f’

I choose a proposal distribution q=U(x-δ,x+δ)
choose a starting value X0,x=(4.95,19.66)

For t = 1, 2, . . .
y=runif(2,min=x-delta,max=x+delta)

if (runif(1)>f(y)/f(x)) y=x

Y[t,]=y, x=y

f<-function(x){
dmvnorm(x,mean=colMeans(data1),sigma=U1)*

dmvnorm(x,mean=data[6,1:n],sigma=U2)

}
I converges to f: no matter which X0 or q (wide enough)

[Metropolis et al., 1953]
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The Details: Metropolis-Hastings

Metropolis-Hastings algorithm [Hastings, 1970]:
I simple, versatile method to construct an

‘ergodic Markov Chain with stationary distribution f’

I proposal distr. q is of practical importance:

dependence between samples ⇒ information ↓ or time ↑
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⇒ calibrate M-H algorithm (with little knowledge about f)

Toolkit:

I diagnostics

I common classes of proposals q

I transformations of parameters

I other MCMC methods (e.g. Hamiltonian MC: STAN)
[Stan Development Team, 2014]
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⇒ calibrate M-H algorithm (with little knowledge about f)

Toolkit:

I diagnostics

I common classes of proposals q

I transformations of parameters

I other MCMC methods (e.g. Hamiltonian MC: STAN)
[Stan Development Team, 2014]
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Metropolis-Hastings algorithm [Hastings, 1970]:
I simple, versatile method to construct an

‘ergodic Markov Chain with stationary distribution f’

I proposal distr. q is of practical importance:
dependence between samples ⇒ information ↓ or time ↑

⇒ calibrate M-H algorithm (with little knowledge about f)
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The Details: A few diagnostics

I initial samples discarded (here 10%, burn-in)
I acceptance rate

: most efficient when close to 0.25
(rule of thumb for random walk M-H) [Roberts et al., 1997]

I effective sample size: correlation reduces information
⇒ subsampling to reduce space (thinning)

I Gelman-Rubins convergence diagn.: on multiple chains,

comparison of variance within & between chains
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The Details: A few diagnostics

I initial samples discarded (here 10%, burn-in)
I acceptance rate: most efficient when close to 0.25

(rule of thumb for random walk M-H) [Roberts et al., 1997]

I effective sample size: correlation reduces information
effectiveSize(Y[,1]), or

⇒ subsampling to reduce space (thinning)

I Gelman-Rubins convergence diagn.: on multiple chains,

comparison of variance within & between chains
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The Details: A few diagnostics

I initial samples discarded (here 10%, burn-in)
I acceptance rate: most efficient when close to 0.25

(rule of thumb for random walk M-H) [Roberts et al., 1997]

I effective sample size: correlation reduces information
⇒ subsampling to reduce space (thinning)

I Gelman-Rubins convergence diagn.: on multiple chains,

comparison of variance within & between chains
gelman.plot(MCMC) [Gelman and Rubin, 1992]
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The Details: A few proposal distributions q

I random walk M-H: local exploration

e.g. Yt = Xt + εt with εt ∼ N(0,Σ)

implemented in standard software:

R (mcmc for N-proposal), Matlab (statistics: mhsample)

I Metropolis (symmetric), independence sampler, single
component M-H, Gibbs sampler (free software: BUGS

[Lunn et al., 2009, Thomas et al., 2006]), . . .

I adaptive schemes: tune proposal during warm-up
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The Details: Issues

BUT

I ‘you’ve only seen where you’ve been’
[Robert and Casella, 2004, p.464]
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× ∝

I convergence assured theoretically – practically it may
I take a long time
I not ’ve been reached (correctness of result)
I posterior may not exist [Hobert and Casella, 1996]

⇒ ‘Beware: MCMC sampling can be dangerous!’
[Spiegelhalter et al., 2003]
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I convergence assured theoretically – practically it may
I take a long time
I not ’ve been reached (correctness of result)
I posterior may not exist [Hobert and Casella, 1996]

⇒ ‘Beware: MCMC sampling can be dangerous!’
[Spiegelhalter et al., 2003]
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Immunoassays – Intro

Immunoassays are bio-analytical tests

I measure even very small amounts of substance

I to detect: infection, hormones or drugs

⇒ means of diagnosis in health care

ELISA microtiter plate [Voigt et al., 2008, Fig. 1]
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Immunoassays – MCMC Results
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I No analytic solution

⇒ MCMC: Gibbs sampling

I as implemented in BUGS [Lunn et al., 2009]

I source code in New04-Guide [Elster et al., 2015]

Details: 10 chains, 800,000 iterations each

(retain every 10th sample of 2nd half)
I convergence: no reason to suspect contrary from acf, G-R

but time-consuming
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Immunoassays – Results

⇒ Prior information can make parameters identifiable

⇒ Bayes enables IA analysis

⇒ MCMC enables Bayesian approach

Klauenberg, K., Walzel, M., Ebert, B., and Elster, C. (2015). Informative prior distributions for ELISA
analyses. Biostatistics, 16(3):465 – 479
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Markov Chain Monte Carlo sampling

I useful

I default method (M-H) easy to implement

⇒ showed simple code

I hard to calibrate for efficiency

⇒ gave diagnostics & different proposals

I software available (partially automatic calibration)

⇒ still: knowledge required to assure correctness of results

Simple example & Immunassay analysis
I Bayes is worth doing (but often intractable without MCMC)

I include all information (prior)
I coherent propagation of uncertainty
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Further Reading
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Summary

Markov Chain Monte Carlo sampling

I useful

I default method (M-H) easy to implement

⇒ showed simple code

I hard to calibrate for efficiency

⇒ gave diagnostics & different proposals

I software available (partially automatic calibration)

⇒ still: knowledge required to assure correctness of results

Simple example & Immunassay analysis
I Bayes is worth doing (but often intractable without MCMC)

I include all information (prior)
I coherent propagation of uncertainty

Thank you!
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