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H3 and HD™ ions

Fundamental transitions in H3 and HD™ (in MHz).
CODATA10 recommended values of constants.

Hi HD*
AE,, 65687511.0714 57 349439.9733
AE, 1091.0400 958.1514
AE,; —276.5450 —242.1262
AE,. —1.9969 —1.7481
AE,s 0.1371(1) 0.1200(1)
AE,. —0.0010(5) —0.0009(4)
AE: 65688 323.7055(5) 57 350 154.3693(4)

The error bars in transition frequency set a limit on the fractional
precision in determination of mass ratio to
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g-factor of a bound electron

RMS radius of proton

The proton rms charge radius uncertainty as is defined in the CODATA10
adjustment contributes to the fractional uncertainty at the level of

~4 -10712 for the transition frequency. While the muon hydrogen
"charge radius” moves the spectral line blue shifted by 3 KHz that
corresponds to a relative shift of 5- 107!
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of a bound electron

Antiprotonic helium

AE, = 2145088265.34
AE, = —39349.33
AE; = 5857.84
AE,. = 92.97
AE;: = —8.25(2)
AEs = —0.10(10)

AE;ory = 2145054 858.50(10)

Transition (33,32) — (31,30) (in MHz).
CODATA10 recommended values of constants.

Along with the sensitivity of this transition to a change of ;1 = mp/m.,
this sets a limit on the fractional precision in determination of mass ratio

Al _36.10-18
v
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g-factor of a bound electron

Atomic mass of electron A,(e)

At present the most precise measurements of m,/me are:

The penning trap mass spectroscopy (uncertainty 2.1 x 10~°)
[D.L. Farnham, et al. Phys. Rev. Lett. 75, 3598 (1995)];

The g factor of a bound electron in 2C>" (uncertainty 5.2 x 10~1°)
[T. Beier, et al. Phys. Rev. Lett. 88, 011603 (2001) and CODATA-10].

The spin-flip energy for a free electron is
AE = —g.ugB

The analogous expression for ions with no nuclear spin
AE = —ge(X)usB

where the theoretical expression for g.(X) is written as
ge(X) =gp + Agrad + Agrec + Agns +

gp is derived from the Dirac equation

:_7{1+2\/ﬁ] {1—1(204) }

3

Theoretical uncertainty of the g factor for *C>* is | 1.3 x 107
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g-factor of a bound electron

High-precision measurement of the atomic mass of
the electron

S. Sturm’, F. Kohler'?, 1. Zatorskil, A. Wagner!, Z. Harman'®, G. Werth”, W. Quint®, €. H. Keitel' & K. Blaum'

Nature, 506, 467 (2014)

"Here we combine a very precise measurement of the magnetic moment
of a single electron bound to a carbon nucleus with a state-of-the-art
calculation in the framework of bound-state quantum electrodynamics.
The precision of the resulting value for the atomic mass of the electron
surpasses the current literature value of the Committee on Data for
Science and Technology (CODATA) by a factor of 13.”

me = 0.000548579909067(14)(9)(2) [3x 10 ]
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ma! order contributions

One-loop SE corrections in order ma’
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7

1. One-loop SE corrections in order ma

Main diagram:

Contributions at order ma

7.
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One-loop self-energy
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1. One-loop SE correction in atomic units

We rederived the low-energy part [V.l. Korobov, J.-P. Karr, and L. Hilico,
Phys. Rev, A 89, 032511 (2014)], and obtained an expression in atomic

units, which may be extended for a general case of two and more external
Coulomb sources:

AED — O:{g(z, n 1)+ (g - % In [%072]) (470 QUE-H)'QHa)
+2 (Heo Q(E—H)*QHg ) + (%‘30 + 11710 Jr FG’QD <V4V>ﬁnw
4 (%+§| {2 2D <2la‘l iv? vpf>
i (% +3h BO‘_QD (), * % 5 (4mo¥’ - 1 (P°H)

+27° {f In*[a %] + {13—6| 2— ﬂ In[a?%] — 0.81971202(1)} <7Tp>}
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7 . .
m order contributions A ol
. Other contributions

1. Relativistic corrections to BL. Antiprotonic Helium

Relativistic Bethe logarithm for the ground electronic state. 2013.

R 6y B B Bs
0.1 —137.1 329.2 —102. —381.08
0.2 —181.5 211.2 —584.1 62.514
0.4 —193.8 160.65 —1382.7 369.822
0.6 —241.21 150.07 —2064.5 590.636
1.0 —304.14 172.37 —2860.8 840.902

Relativistic Bethe logarithm for the ground electronic state. 2014.

R ) g Bs Bs

0.05 —625.8(8) 650.5(5) 1797.(2)  —1486.18(2)
0.1 —291.5(1) 330.9(2) 177.1(6) —381.72(3)
0.2 —181.68(4) 208.76(3) —588.20(4) 63.099(5)
0.4 —194.00(1) 161.76(3)  —1387.92(5) 369.680(5)
0.6 —241.296(4)  151.068(3) —2069.932(3)  590.555(2)
1.0 —304.531(3)  172.282(2) —2862.089(1)  840.862(3)
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ma! order contributions

1. Relativistic corrections to the Bethe logarithm

Joa

L(R)/N(R)

40.2

0.0

T T > T T T T
0 1 2 3 4 5 6 7
R (ina.u.)

The relativistic Bethe logarithm L(R) for the ground (1so,) electronic
state, for Z; = Z, = 1 normalized by: N(R) =7 (Z§5(r1) + Z35(r2)).
[PRA 87, 062506 (2013)]

Hydrogen molecular ion:
E o se = 0% | Acz In? (a2 A6 In(a2)Aso | (Z30(r1)+Z35(r2)) ~ 124.9(1) kHz,
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One-loop self-energy
Other contributions

ma! order contributions

Other contributions
beyond the self-energy
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2. One-loop vacuum polarization

a(Za)? _
AElloopfvp = ;( n3) {V4o+(Za) V50+(Za)2 V61 In(Za) 2+. o0 }

For the hydrogen atom in S-state the coefficients are

4 ]
Vao(nS) = I O
5
Vso(nS) = W% &
V61(n5) = _T57
4 43 2(n—1) 1 n
V60(n5)—E —ﬁ—i—w(n—&—l)—w(l)—T—f—M—lnE
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One-loop self-energy

-7 P
ma! order contributions Other contributions

2. One-loop vacuum polarization

" Effective” potential for the HJ ion at ma’ order including higher orders.

G "(R)

Hydrogen molecular ion:

ED =% Ve In(a™2) + Veo| (Z36(r1) + Z36(r2)) ~ 2.9 kHz,

lloop—vp —
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One-loop self-energy

ma! order contributions T e i

3. The Wichman-Kroll contribution

|
]
o (Zaf O
AEwk = WT{Wﬁo-F(Za)W?O‘F } s
o X X X
For the hydrogen atom in S-state the coefficients are
19 7°
Weo(nS —
0(n3) = 75 ~ 37
7 3173
W
(n5) = 76 ~ 2880

Hydrogen molecular ion:

EJ) = a® Wi (Z38(r1) + Z35(r2)) ~ —0.1 kHz,
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One-loop self-energy

ma! order contributions T e i

4. Complete two-loop contribution

a2 (Za)*
ABsjoop = (;) — {540 +(Za)Bso + . ..
Here Bsy = —21.55447(13).

N.B. Insertion of two radiative photons in the electron line contributes
—24.269... to By

Hydrogen molecular ion:

5
(0%
B = — [Bsol (Z6(r1) + Z36(r2)) =~ 10.1 kHz,
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One-loop self-energy

ma! order contributions T e i

5. Three-loop contribution

Three-loop contribution

AE3jo0p = (%)3 (ch;)‘* [0.417504 + ...

is already negligible.
Hydrogen molecular ion:

5
ED _ % [0.417504] (Z16(r1)+ Z20(r2)) = 60 Hz,

3loop —
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ma® order contributions




s Vacuum p
ma® order contributions wo-lc

One-loop self-energy

The one-loop contribution at ma® order is expressed

£ _ @ (Za)'
1loop T n3

[A71In(Za) 2+ Aqo]

Here

139
A71(n5) =T |:64 —In 2:|

The nonlogarithmic contribution A7 of order ma(Za)” was never
calculated directly.

Hydrogen molecular ion:

£6®)

lloop—se

6
- % [A71In(Za) ™2 + Aro] (Z{8(r1)+Z36(r2)) = —0.5 kHz,
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ma8 order contributions

Uehling potential

The one-loop contribution at ma® order is expressed

8 (Za)
2=

- (Vo1 In(Za) ™2+ V4o

Here

5
V71(I'IS) = 71'%

5 153 2 103
Vzo(nS) = ~Tg (1/)(ﬁ+1) — (1) =Inn—1In2— 3 " n S 48172)

Hydrogen molecular ion:

®) a®

Eloop—vp = — [ Vi1 In(Za) ™2 + Vio] (Z16(r1)+238(r2)) = —17 Hz,

™
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Wichman-Kroll contribution

The Wichman-Kroll contribution at ma?® order

@® _ a(Za) [ ™ 317r3}
Ewk = —

16 2880

T n3
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ma8 order contributions Two-loop self-energy

Two-loop self-energy

The two-loop contribution at ma® order is expressed

D) 6
E® — () (2 g 13(Za) 24 Bey In2(Za) 2+ By In(Za) 2+ Beo
T

2loop n3

a?(Za)®

T2

AE(1S) ~ [-282 — 62 4 476 — 61]

Hydrogen molecular ion:

E(B)

6
o — —
2loop—vp = Br3In*(Za) ™2+ By In?(Za) 2

+B11 |n(za)—2+37o} (Z35(r1)+2Z35(r2)) ~ —0.5 kHz,
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ma8 order contributions Two-loop self- energy

The coefficients Bgx may be calculated using expressions
79855 = — = 2% (m (1))
27

1 1
Z6862 = 6 <V2V Q(EO - H)_lQ V2 V>ﬁn + T8 <V4 V>ﬁn
16 [31

9 |15

5 +2In 2] Z3 (md(r))

The largest contribution is

Z%Bs; = —2 B (V2V Q(Ey— H)T'QV?V), + 15 <v4 ) n} In2

19
N+ 135 <

V4 >ﬁn s <210—”p V2VPJ>

—}—ﬂN(n V2V Q(E — H)1Q v2v>ﬁn

270 <

48781 20277° 56 _ 2n2
+ 22— 1n2+8In22 z3
{64800+ 864 27 37 In2+8In"24¢(3 )} (mo(r))
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Low energy part N(n, /)

The only quantity that needs numerical computations is N(n, /), and it is
defined by

2z (M _
N=5 | kdkdns(p(Eo—H—K) )
0

and
57r5(,)<p(50 —H- k)’1p> =
<p(E0—H—k)_1(776(r)—<7r5(r)>)(EO—H—k)_1p>

+2<7r(5(r) Q(Eo—H)Q p(Eo—H—k)-1p>
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One-loop self-energy
. Vacuum polarization
ma® order contributions Two-loop self-energy

Summary

@ A new limit of precision for theoretical predictions is achieved.
Relative uncertainty is now 7 - 10712 for the hydrogen molecular ions
H2+ and HD*, and about 4.7 - 1011 for the antiprotonic helium.

@ The proton rms charge radius uncertainty as is defined in the
CODATA10 adjustment contributes to the fractional uncertainty at
the level of ~4 - 10712 for the transition frequency. While the muon
hydrogen " charge radius” moves the spectral line blue shifted by
3 KHz that corresponds to a relative shift of 5- 1071,

@ The two-loop correction at the ma® order become now the major
uncertainty in the theory.

@ The two-loop SE correction at the ma?® order is now under
consideration and we hope to get the results by the end of this year.
That should allow to improve theoretical uncertainty by a factor of
3-5.
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Thank you for your attention!
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