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The NEW International System of Units 
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Molecular 

Motion 
Thermometer 

How do we relate the number produced by a 

thermometer (e.g. 20 ºC) to the basic physics 

describing the jiggling of molecules? 

The Challenge 



Primary thermometers are based on gases 
• Molecular motions are simple 

• We can approach ‘ideal gas’ conditions at low pressure 

• In an ideal gas the internal energy is just the kinetic energy of 

the molecules 

• Per molecule 
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Find mass of 

molecule 

Measure the 

speed of sound Carry out experiment 

at TTPW 



Measure the speed of sound in a spherical resonator  

Speed of Sound =
𝑅𝑒𝑠𝑜𝑛𝑎𝑛𝑡 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 × 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑅𝑎𝑑𝑖𝑢𝑠 

constant
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Measure the Average Radius using Microwaves 

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑅𝑎𝑑𝑖𝑢𝑠 =
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 × 𝑠𝑝𝑒𝑒𝑑 𝑜𝑓 𝑙𝑖𝑔ℎ𝑡

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑅𝑒𝑠𝑜𝑛𝑎𝑛𝑡 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦
 



Microwave resonance  

in a perfect sphere 

0

20

40

60

80

100

2109 2110 2111 2112

S
ig

n
a

l

Frequency (MHz)

TM11 Resonance
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Microwave resonance  

in a nearly perfect sphere 
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Microwave resonance  

in a triaxial ellipsoid 
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Measuring F0, F1 and F2 

•Average radius 

•Shape 

•Uncertainty 

Radius 62 mm  

0.031 mm eccentrcity 



Infers kB from measurements of the speed of sound in a 

combined microwave and acoustic resonator 

 

Acoustic Gas Thermometery Microwaves Acoustics 
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Microwaves Acoustics 
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2005: 



…and just 4 years later… 



2009: 



2010: 



2010: 

𝑢𝑅 = 3.1 × 10−6  
 

Highlighted Issues 

• Variability of Molar Mass 

• Need for precise pressure measurement 

• ‘Negative’ Excess Half-Widths 

• Line narrowing 



2010: 
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2011: 



2011: 



2010: 



CMM 

Microwaves Pyknometry 



2011: 



Microwaves 
u(k = 1) = 11.7 nm,  

uR(k = 1) = 0.17× 10-6. 

 
Pyknometry 

CMM 
u(k = 1) = 114 nm,  

uR(k = 1) = 1.8× 10-6. 



2012: 



Pyknometry 
u(k = 1) = 37 nm,  

uR(k = 1) = 0.60 × 10-6. 

 

Microwaves 
u(k = 1) = 11.7 nm,  

uR(k = 1) = 0.17× 10-6. 

 

CMM 
u(k = 1) = 114 nm,  

uR(k = 1) = 1.8× 10-6. 



2013: 
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• Need for precise pressure measurement 
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• Line narrowing 



Since 2013 



Acoustic Thermometry 

c2 kB = 
g 

M 

T NA 
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NPL High-Temperature Cylindrical Resonator 
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Working Equation 

𝑘𝐵 =
𝑀/𝛾

𝑁A𝑇TPW
×

2𝜋𝑎 𝑓 0,𝑛 + Δ𝑓 0,𝑛

𝜉 0,𝑛

2

 

 

• Measure f(0,n) in the limit of low pressure  

1. Resonator radius, 𝑎 

2. Frequency Corrections Δ𝑓 0,𝑛  

3. Eigenvalues 𝜉 0,𝑛  

4. Pressure 

5. Temperature 

6. Molar Mass 



1: How wrong could the radius estimate be? 

  

1. Resonator radius, 𝒂 

2. Pressure 

3. Eigenvalues 𝜉 0,𝑛  

4. Frequency Corrections Δ𝑓 0,𝑛  

5. Temperature 

6. Molar Mass 



Microwave Radius Estimates in Vacuum
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2: How wrong could the pressure be? 

  

1. Resonator radius, 𝑎 

2. Pressure 

3. Eigenvalues 𝜉 0,𝑛  

4. Frequency Corrections Δ𝑓 0,𝑛  

5. Temperature 

6. Molar Mass 

11.7 nm 0.38 ppm  

u(k=1) u(kB) 



Low Pressure Measurements  

• Affects thermal boundary layer correction  

• Affects estimate of p-1  term  
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Microwave Radius Estimates at Pressure  
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Pressure 
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3: How wrong could the eigenvalues be? 

  

1. Resonator radius, 𝑎 

2. Pressure 

3. Eigenvalues 𝝃 𝟎,𝒏  

4. Frequency Corrections Δ𝑓 0,𝑛  

5. Temperature 

6. Molar Mass 

11.7 nm 0.38 ppm  

6.3 Pa  0.11 ppm  

u(k=1) u(kB) 
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From high pressure 

studies 

Common to all modes 

Low Pressure Speed of 

Sound Squared 

Common to all modes 

‘Accommodation’ 

Correction to Boundary 

Layer 

Common to all modes 

Experimental 

Estimates 

Function of 

pressure P 

and mode, n 

Virial Correction  

Common to all modes 

‘Shell’ Correction 

Varies with mode 

Virial Correction  

Common to all modes 

Data Model  
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2 + 𝐴−1𝑃−1 + 𝐴1
𝑛𝑃 + 𝐴2𝑃2 

After correction for Boundary Layer  
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Low Pressure Speed of 

Sound Squared 

Common to all modes 

Data Model  

𝑐𝐸𝑋𝑃
2  −𝐴3𝑃3= 𝑐0

2 + 𝐴−1𝑃−1 + 𝐴1
𝑛𝑃 + 𝐴2𝑃2 

𝑢(𝑐0
2) = 0.017  m2 s−2 

𝑢𝑅(𝑐0
2) = 0.18 × 10−6 



4: How wrong could the Frequency Corrections be? 

  

1. Resonator radius, 𝑎 

2. Pressure 

3. Eigenvalues 𝜉 0,𝑛  

4. Frequency Corrections 𝚫𝒇 𝟎,𝒏  

5. Temperature 

6. Molar Mass 

11.7 nm 0.38 ppm  

6.3 Pa  0.11 ppm  

0.18 ppm  

u(k=1) u(kB) 
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When f0 =3548.8095 Hz 

  

  expected width = 2.864 Hz 

 

 measured width = 2.858 Hz 
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f0 =3548.8095 Hz  

  expected width = 2.864 Hz 

measured width = 2.858 Hz 



Half-Width (Experiment – Theory) 
Shell Interaction 

Shows the effect of mode and pressure 
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f0 =3548.8095 Hz  

  expected width = 2.864 Hz 

measured width = 2.858 Hz 



Half-Width 
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5: How wrong could the Temperature be? 

  

1. Resonator radius, 𝑎 

2. Pressure 

3. Eigenvalues 𝜉 0,𝑛  

4. Frequency Corrections Δ𝑓 0,𝑛  

5. Temperature 

6. Molar Mass 

11.7 nm 0.38 ppm  

6.3 Pa  0.11 ppm  

0.18 ppm  

~0 

u(k=1) u(kB) 



Temperature Gradient 

Temperature gradient was 

±91 µK about equator 
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6: How wrong could the Molar Mass be? 

  

1. Resonator radius, 𝑎 

2. Pressure 

3. Eigenvalues 𝜉 0,𝑛  

4. Frequency Corrections Δ𝑓 0,𝑛  

5. Temperature 

6. Molar Mass 

11.7 nm 0.38 ppm  

6.3 Pa  0.11 ppm  

0.18 ppm  

~0 

0.364 ppm 0.099 mK 

u(k=1) u(kB) 



Relative Molar Mass determined acoustically  
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6: How wrong could the Molar Mass be? 

  

1. Resonator radius, 𝑎 

2. Pressure 

3. Eigenvalues 𝜉 0,𝑛  

4. Frequency Corrections Δ𝑓 0,𝑛  

5. Temperature 

6. Molar Mass 

11.7 nm 0.38 ppm  

6.3 Pa  0.11 ppm  

0.18 ppm  

~0 

0.364 ppm 0.099 mK 

0.390 ppm 0.390 ppm 

Traceable to isotopic composition 

of atmospheric argon 

u(k=1) u(kB) 



Uncertainty 
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Work

uR(k =1) = 0.71 ×10-6 

Have we learned anything since 2013 

that could shed light on the LNE-CNAM-

NPL discrepancy? 



1. Background  

2. History 

3. The NPL uncertainty estimate 

4. NPL Update February 2015 

5. The NPL Analysis 

6. Summary 

 

Reflections on the NPL-2013  

Estimate of the Boltzmann Constant 



CODATA November 2015 



NPL Update  

February 2015 
 

1. New estimate for thermal conductivity 

2. Temperature Gradients 

3. Argon Isotopic Molar Mass 
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New estimate for thermal conductivity of argon 

• Δ𝜆 (-0.11% ) is close to 

estimated uncertainty 

  

• (u = 0.1% ) NPL paper 

 

New uncertainty in 𝜆  

(u = 0.02% ) is a factor 5 

lower than we estimated 
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Molar density (mol m-3)•ΔkB = -0.19 ppm. 

•uR ~ 0.69 x 10-6 

 

• Excess half-widths 

increased  

• Δg/f ~ + 0.1 x 10-6  

@100 kPa 

  

New estimate for thermal conductivity of argon 
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Experiment – New Theory 

• Thermal conductivity 

revision will increase the 

low-pressure end of these 

curves by ~0.1 parts in 106. 

New estimate for thermal conductivity of argon 



NPL Update  

February 2015 
 

1. New estimate for thermal conductivity 

2. Temperature Gradients 

3. Argon Isotopic Molar Mass 

 



Temperature Gradient 

• Temperature gradient was 

±91 µK about equator 

Since 2013 

• Replaced microphones  

• Moved the pre-amplifier. 

• Two additional thermometers 

added to sphere (6 in all). 

• No systematic gradient:  

(max – min) is ±58 µK 

• No ‘change in kB’ (u~0.3 ppm). 
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NPL Update  

February 2015 
 

1. New estimate for thermal conductivity 

2. Temperature Gradients 

3. Argon Isotopic Molar Mass 

 



NPL update#3: Molar Mass 
  

• IRMM and KRISS have made gravimetrically traceable isotopic analyses 

• Comparison between KRISS (2014) and IRMM (2009)  analysis of the same samples 

Figure 7. The observed variability of the speed-of-sound squared in argon compared with gas used in 

Isotherm 5. The data were estimated by measuring the resonant frequency of the (0,3) resonance with 

the gas close to the temperature of the triple-point  of water and at pressure of 200 kPa. The graph 

shows twice the fractional shift in the resonant frequency expressed as parts in 106. Plotting the data 

in this way means the vertical axis is equivalent to the fractional change in molar mass of the gas. 

  

• No clear pattern of agreement or disagreement between KRISS and IRMM 



1. Background  

2. History 

3. The NPL uncertainty estimate 

4. NPL Update February 2015 

5. The NPL Analysis 

6. Summary 

 

Reflections on the NPL-2013  

Estimate of the Boltzmann Constant 



Self-Consistent Analysis 

•Makes the significance of fits to data meaningful. 

•Data 

•Type A uncertainty of Data 

•Model 

•Fit the model to the data 

•Look at residuals (data  - model) 

•Show data and model are self-consistent  

•We published our data and analysis scripts. 

•These have been independently checked 

 



Data 
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From high pressure 

studies 

Common to all modes 

Low Pressure Speed of 

Sound Squared 

Common to all modes 

‘Accommodation’ 

Correction to Boundary 

Layer 

Common to all modes 

Experimental 

Estimates 

Function of 

pressure P 

and mode, n 

Virial Correction  

Common to all modes 

‘Shell’ Correction 

Varies with mode 

Virial Correction  

Common to all modes 

𝑐𝐸𝑋𝑃
2  −𝐴3𝑃3= 𝑐0

2 + 𝐴−1𝑃−1 + 𝐴1
𝑛𝑃 + 𝐴2𝑃2 



Type A Uncertainty 

• Estimated from repeats of a resonance acquisition. 

• Use pooled uncertainty to weight the data used in the fit. 

• Inflate uncertainty estimate  
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Normalised Residuals from Global Fit: Isotherm 3  

• 96% of residuals fall within ±2u of best fit. 

-4

-2

0

2

4

0 100 200 300 400 500 600 700

Isotherm 3 

N
o

rm
a
lis

e
d
 R

e
s
id

u
a
ls

(0,2)

Pressure (kPa)

-4

-2

0

2

4

0 100 200 300 400 500 600 700

Isotherm 3

N
o

rm
a
lis

e
d
 R

e
s
id

u
a
ls

(0,9)

Pressure (kPa)

-4

-2

0

2

4

0 100 200 300 400 500 600 700

Isotherm 3

N
o

rm
a
lis

e
d
 R

e
s
id

u
a
ls

(0,8)

Pressure (kPa)

-4

-2

0

2

4

0 100 200 300 400 500 600 700

Isotherm 3

N
o

rm
a
lis

e
d
 R

e
s
id

u
a
ls

(0,7)

Pressure (kPa)

-4

-2

0

2

4

0 100 200 300 400 500 600 700

Isotherm 3

N
o

rm
a
lis

e
d
 R

e
s
id

u
a
ls

(0,4)

Pressure (kPa)

-4

-2

0

2

4

0 100 200 300 400 500 600 700

Isotherm 3

N
o

rm
a
lis

e
d
 R

e
s
id

u
a
ls

(0,3)

Pressure (kPa)



Normalised Residuals from Global Fit: Isotherm 4  

• 96% of residuals fall within ±2u of best fit. 
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Normalised Residuals from Global Fit: Isotherm 5 

• 96% of residuals fall within ±2u of best fit. 

Isotherm 5
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Residuals by Mode  
 

 



Normalised Residuals from Global Fit: (0,2) 

• 96% of residuals fall within ±2u of best fit. 
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Normalised Residuals from Global Fit: (0,3) 



Normalised Residuals from Global Fit: (0,4) 

• 96% of residuals fall within ±2u of best fit. 

Normalised Residuals from Global Fit: (0,7) 
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Normalised Residuals from Global Fit: (0,8) 

• 96% of residuals fall within ±2u of best fit. 

Normalised Residuals from Global Fit: (0,9) 
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Alternative Analysis 
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𝑐𝐸𝑋𝑃
2  −𝐴3𝑃3= 𝑐0

2 + 𝐴−1𝑃−1 + 𝐴1𝑃 + 𝐴2𝑃2 

• Do this 18 times 

• Average the 18 estimates of 𝑐0
2 

• Treat each of 18 isotherm/modes independently 

• Gives 18 estimates for 𝑐0
2 instead of 1 

• Gives 18 estimates for 𝐴1 instead of 6 

• Gives 18 estimates for 𝐴2 instead of 1 



Normalised Residuals of Individual Fits: Isotherm 3  

• Type A uncertainty estimated from 10 – or more – repeats of a resonance acquisition. 
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Normalised Residuals of Individual Fits: Isotherm 4  

• Type A uncertainty estimated from 10 – or more – repeats of a resonance acquisition. 
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Normalised Residuals of Individual Fits: Isotherm 5  

• Type A uncertainty estimated from 10 – or more – repeats of a resonance acquisition. 
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NPL Strengths#3: Alternative Analysis 

• Fit each isotherm individually and produce 18 estimates for 𝑐0
2. 

• Average value is ~+ 0.25 ppm higher than ‘global’ estimate (+1.4u) 
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1. Background  

2. History 

3. The NPL uncertainty estimate 

4. NPL Update February 2015 

5. The NPL Analysis 

6. Summary 

 

Reflections on the NPL-2013  

Estimate of the Boltzmann Constant 



Summary 
 

1. NPL-2013 estimate of kB has uR = 0.71 x 10-6 

2. Differs significantly from LNE-CNAM-2011 

3. Significant differences in analytical 

assumptions and estimated sensitivity to errors 

4. Possible reconciliation is through a molar mass 

error by either NPL or LNE-CNAM. 

5. Time will tell. 

 




