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Molecular Thermometer
Motion

How do we relate the number produced by a

thermometer (e.g. 20 °C) to the basic physics
describing the jiggling of molecules?




Primary thermometers are based on gases

* Molecular motions are simple
« We can approach ‘ideal gas’ conditions at low pressure
* In an ideal gas the internal energy is just the kinetic energy of

the molecules




The big idea...
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Measure the speed of sound in a spherical resonator
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Measure the Average Radius using Microwaves

_ MX peed of light !
Average Radius =
Average Resonant Frequency T




Microwave resonance
In a perfect sphere
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Microwave resonance
In a nearly perfect sphere
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Microwave resonance
In atriaxial ellipsoid

Radius 62 mm
0.031 mm eccentrcity
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Microwaves Acoustics
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Microwaves Acoustics
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Isothermal data for c?
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3. The NPL uncertainty estimate
4. NPL Update February 2015
5. The NPL Analysis

6. Summary
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Waveguide effects on quasispherical
microwave cavity resonators

R Underwoodl, JB Meh]z, L Pitre3, G Edwardsl, G Sutton! and
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Network analyser

0.5 mm

Cavity interior

not considered in this study.

Figure 1. Diagram of a waveguide in TCU2v2, formed from a
cylindrical hole and stripped coaxial cable. Although a looped
antenna would offer the possibility of additionally detecting the
TEln modes, such antennas are more complex o model and were

doi:10.1088/0957-0233/21/7/075103
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Figure 4. Potential fields (a) @ and (b) & near the entrance of a
cylindrical waveguide of depth 2ry. Adjacent contours represent
equal increments in 4.
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Figure 5. (g) Normal electric field and (#) magnetic potential and
its radial derivative near the waveguide entrance in the static limit.
The fields and lengths are all dimensionless, and were computed for
unit incident values of £y and Hy. The value of | E.| approaches 0.53
as r is reduced below 1; similarly |3dy /3r| approaches 0.39 as ris
reduced below 1.
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The electromagnetic fields of a triaxial
ellipsoid calculated by modal
superposition
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Figure 1. Cul-away diagram of NPL-C2 showing the coordinate
axcs. Notice the — y-axis is shown. The ouler cylinder and inner
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Fipure 11. The difference between (0E) values calculated by
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Characterization of the volume and shape
of quasi-spherical resonators using
coordinate measurement machines
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G Benedetto’, P A Giuliano Albo®, D Tl'uong4 and D Flack!

70 .
*
&0 TCU2v2 ,’
'll"
2 80 :
E ,’ W
= 40 K S
F
£ 30 2 —p"—BCU31
£ / ,"
& 20 A
A
10 ’gjff INRIM2
ﬂ_!_‘:g:ﬁv'!ﬂ np W o ¢ H I!l
2 4 6 8 10

Figure 3. CMM measurements conducted at NPL probing the inner
surface of a copper quasi-sphere alongside a spherical density and
volume standard. Note the two thermometers (embedded in copper
blocks) positioned around the artefacts.

Radial Acoustic Mode (0,n)

Figure 14. Relative shape perturbations [((ka)® — &5)/&5.] = 10°
to the eigenvalues of the first nine purely radial acoustic modes of
INRiM2, BCU3 and TCU2v2; BCU3 and TCU2v2 were
alternatively modelled as triaxial ellipsoids (shown as dotted lines)
or as more complex shapes, taking into account the complete resulis
of the spherical harmonic expansion.
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Dimensional characterization of a
quasispherical resonator by microwave
and coordinate measurement techniques
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Figure 7. Measured resistivity of NPL-C2 copper, calculated from
the mean half-widths of the TM,,, and TM,,, modes. The solid line
is the result of a linear fit to all the data except the outlying TM,4
(A) and TM 7 (O) modes. The dashed line indicates p¢, from
Matula’s data. Also marked is the dc conductivity measured by
Bussey at 22 °C, and the value of 100% IACS at 20°C.

Figure 5. Typical deviations in the height of the equatorial flange
from the fitted z = 0 plane. The inset shows the position of the
probing points relative to the flange. Three data sets are plotted to
highlight the repeatability of these measurements.

62,0020 |

Jmm

620810 r
1 o
1oa ' ) ' 3
L]
o

L1 2 4+ fi i
Torogue fM - m

Figure %. Comparison of CMM (A and microwee {01
mcasurcmenis of e, & amd &7 af 2. Ths aroas indicabe
adjustmenis to the CMM data for 2 1 pm cquatorial gap and 4 N m
bolt porgque. The & = | uncorainty bounds (tahle &) are: shiewn as 5
shaded band. The uncerisinty in c.';" is smaller than the marker
il



CMM
u(k =1) =114 nm,
Ug(k =1)=1.8% 10°.

Microwaves
uk =1) =11.7 nm,
Un(k = 1) = 0.17 x 107
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Pyknometric volume measurement of a
quasispherical resonator
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Figure 8. Volume estimates from the pyknometric (@) and
microwave (ll) measurements, corrected to a reference temperature
of 20°C and pressure of 101 325 Pa. The solid line is a linear fit to
the five pyknometric measurements, and the dashed lines indicate
the uncertainty in the pyknometric volume. The uncertainty bars
indicate the microwave uncertainty. All measurements were
performed in the year 2010.
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Figure 2. The five-step pyknometry procedure: empty weighing,
filling, full weighing and temperature stabilization. The final step
(emptying and re-weighing) is not shown.



CMM
u(k =1) =114 nm,
Ug(k =1)=1.8% 10°.

Microwaves Pyknometry
u(k = 1) = 11.7 nm, \ u(k =1) =37 nm,
Ug(k = 1) = 0.17 X 106, \\uR(k =1)=0.60 x 10°.
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Boltzmann constant
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Replica of surface

Figure 10. Hlustration of how the perturbation caused by protrusion
of the acoustic transducers was measured using a quick-setting
silicone compound.
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Isothermal data for c?
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Highlighted Issues

« Variability of Molar Mass
Need for precise pressure measurement

‘Negative’ Excess Half-Widths
Line narrowing
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Acoustic Thermometry
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NPL High-Temperétijr® Cylindrical Resonator
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6. Summary



Working Equation

: I\/Ieasur in the limit of low pressure

o) [an(fmn) 5f om) W

5 = N TTPW €(On)

Resonator radius, a
Frequency Corrections Af )
Eigenvalues ¢ )

Pressure

Temperature

Molar Mass

v O = G N [




1: How wrong could the radius estimate be?

Resonator radius, a
Pressure

Eigenvalues ¢ »)

Frequency Corrections Afg )
Temperature

Molar Mass

2




Microwave Radius Estimates in Vacuum

nanometres
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2. How wrong could the pressure be?

u(k=1) u(kg)

Resonator radius, a 0.38 ppm ‘
Pressure

Eigenvalues ¢ »)

Frequency Corrections Afg )
Temperature

Molar Mass

| 11.7 nm

2 A




Low Pressure Measurements

« Affects thermal boundary layer correction
* Affects estimate of p* term

Molar density (mol m-3)
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Microwave Radius Estimates at Pressure

Data has been corrected for

[ dielectric constant of gas
%& (which depends on pressure)
I
62.0105 ¢t ‘52\\“ Look at the residuals of a
K straight-line fit to this data for
. ¥, / systematic pressure errors
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Pressure
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3: How wrong could the eigenvalues be?

u(k=1) u(kg)
11.7 nm Resonator radius, a 0.38 ppm
6.3 Pa Pressure 0.11 ppm

2 A

Eigenvalues &g n)
Frequency Corrections Afg )
Temperature

Molar Mass




Data for c2
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Data Model

After correction for Boundary Layer

From high pressure
studies
Common to all modes

Low Pressure Speed of
Sound Squared
Common to all modes

Virial Correction
Common to all modes

Ceyp —A3P3=cs +A_P™1 + ATP + A,P?

Experimental

Estimates ‘Accom_modation’ Virial Correction

Eunction of Correction to Boundary Common to all modes

oressure P Layer ‘Shell’ Correction
Common to all modes Varies with mode

and mode, n



Residuals of all data to fits
expressed in terms of standard uncertainty

Normalised Residual
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Data Model

Low Pressure Speed of
Sound Squared
Common to all modes

Ciyp —A3P3=ct + A_P71 + ATP + A,P?
u(ct) = 0.017 m?s—2

up(cd) = 0.18 x 107°



4: How wrong could the Frequency Corrections be?

u(k=1) u(kg)
11.7 nm Resonator radius, a 0.38 ppm
6.3 Pa Pressure 0.11 ppm

Eigenvalues ¢ ») 0.18 ppm \

Frequency Corrections Af
Temperature
Molar Mass
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Signals / vV

Central frequency

Half-Width should be

:/exactly what we expect

When f, =3548.8095 Hz
expected width = 2.864 Hz

measured width = 2.858 Hz
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Half-Width (Experiment — Theory)
Parts per million of resonance frequency

10 x Ag/ fon)
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measured width = 2.858 Hz




Half-Width (Experiment — Theory)

Shell Interaction

Shows the effect of mode and pressure
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Half-Width (Experiment — Theory)
Parts per million of resonance frequency

10 x Ag/ fon)
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5: How wrong could the Temperature be?

u(k=1) u(kg)
11.7 nm|1. Resonator radius, a 0.38 ppm
6.3 Pa|2. Pressure 0.11 ppm
3. Eigenvalues ¢ ) 0.18 ppm
~0|4. Frequency Corrections Afon
S. Temperature
6. Molar Mass




Temperature Gradient

Temperature gradient was
+91 pK about equator




Temperature

Pre-amplifier

North pole
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South pole

Azimuthal angle
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We modelled the
temperature at the inner
surface of the sphere, and
then in the gas.
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6: How wrong could the Molar Mass be?

u(k=1) u(kg)
11.7 nm| 1. Resonator radius, a 0.38 ppm
6.3 Pa|2. Pressure 0.11 ppm
3. Eigenvalues ¢ ) 0.18 ppm
~0|4. Frequency Corrections Afon
0.099 mK|>. Temperature 0.364 ppm
6. Molar Mass




Molar Mass Differences from Isotherm 5 Gas
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6: How wrong could the Molar Mass be?

u(k=1) u(kg)

. Resonator radius, a 0.38 ppm
. Pressure

. Elgenvalues ¢

. Frequency Corrections Afo
. Temperature

0.390 ppm | 6. Molar Mass 0.390 ppm

Traceable to isotopic composition
of atmospheric argon




Uncertainty

Akg - NPL (parts in 10°)

Ug(k =1) = 0.71 x10°
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Have we |learned anything since 2013
that could shed light on the LNE-CNAM-
NPL discrepancy?
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NPL update

Change in the best estimate of thermal conductivity of argon

* M R Meldover et al 2014 Metroiogia51 R1 [doi10 1085/0026-1394/51/1/R1)
?Wmﬁa — * Chongeini [-0.11% )iz closeto estimated uncertainty v =0.1% | in the NFL paper
i R * New uncertainty in A (u=0.02% ) is afactor 5 lower thanwe estimated
* Based on thizwewould expact the NPL estimate for k. toshift by approximate by -0. 19 ppm.

The EMRP s jointy funded by the EM|
within, EURAMET sad the European U|

* Owverall uncertainty would be slighthy re

* Excess hal-widths would becomesligh N PI_ strengths

Elimination of temperature gradient| Clear analysis

* Significant weaknezsinoriginalpaperw * Makes significance of fits to data meaningful
* Since thenwe have replaced microphed  * NPLdescribed their model for the experiment; fitted the model to thedata; showed (data - model);
» Two additionzal thermometers added tof and derived uncertainties that were demonstrably statistically self-consistent. We also published our

* Now there is no systematic gradisnt: ry dats and analysis scripts.
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1. New estimate for thermal conductivity
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New estimate for thermal conductivity of argon

* A1 (-0.11% ) is close to
estimated uncertainty

* (u=0.1% ) NPL paper

New uncertainty in 4
(u=0.02% ) is a factor 5
lower than we estimated
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New estimate for thermal conductivity of argon

*Akg = -0.19 ppm. Molar density (mol m)
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New estimate for thermal conductivity of argon

Experiment — New Theory
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Temperature Gradient

« Temperature gradient was
+91 pK about equator

Since 2013

* Replaced microphones

« Moved the pre-amplifier.

 Two additional thermometers
added to sphere (6 in all).

* No systematic gradient:
(max —min) is #£58 pK
* No ‘change in kg’ (U~0.3 ppm).




Temperature Gradient

Thermometer Reading (°C)
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1. New estimate for thermal conductivity
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3. Argon Isotopic Molar Mass



NPL update#3: Molar Mass

* IRMM and KRISS have made gravimetrically traceable isotopic analyses
« Comparison between KRISS (2014) and IRMM (2009) analysis of the same samples

ui . Molar Mass
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Sample

* No clear pattern of agreement or disagreement between KRISS and IRMM
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Self-Consistent Analysis

* Makes the significance of fits to data meaningful.

* Data

* Type A uncertainty of Data

* Model

* Fit the model to the data

*Look at residuals (data - model)

* Show data and model are self-consistent
*We published our data and analysis scripts.
* These have been independently checked
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Type A Uncertainty

 Estimated from repeats of a resonance acquisition.

« Use pooled uncertainty to weight the data used in the fit.

e Inflate uncertainty estimate
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Normalised Residuals from Global Fit: Isotherm 3
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Normalised Residuals from Global Fit: Isotherm 4
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Normalised Residuals from Glo
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Residuals by Mode
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Normalised Residuals

Normalised Residuals

Residuals from Global Fit: (0,8)
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Alternative Analysis
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Treat each of 18 isotherm/modes independently
Gives 18 estimates for ¢¢ instead of 1
Gives 18 estimates for A, instead of 6
Gives 18 estimates for A, instead of 1




Normalised Residuals of Individual Fits: Isotherm 3
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Normalised Residuals of Individual Fits: Isotherm 4
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Normalised Residuals of Individual Fits: Isotherm 5
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NPL Strengths#3: Alternative Analysis

« Fit each isotherm individually and produce 18 estimates for c3.
» Average value is ~+ 0.25 ppm higher than ‘global’ estimate (+1.4u)
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1. Background
2. History
3. The NPL uncertainty estimate

4. NPL Update February 2015




Summary

1. NPL-2013 estimate of ky has u, = 0.71 x 10°

. Differs significantly from LNE-CNAM-2011

3. Significant differences in analytical

assumptions and estimated sensitivity to errors

. Possible reconciliation is through a molar mass
error by either NPL or LNE-CNAM.

. Time will tell.






