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Summary

. The discontinuity in the first derivative @, at the triple point of water is a real effect.

. The discontinuity arises from (i) the inconsistenéyhe reference resistance ratidg, assigned to the
fixed points by ITS-90, and (ii) the terminationtb® ITS-90 sub-ranges at 0.01 °C.

. The inconsistency in the assigridfivalues above and below 0.01 °C is an artefact $f90 being
based on two different SPRTSs.

. The mathematics of the slope discontinuity is ssmib that for subrange inconsistency because they
have the same root cause.

. Because the first derivative of the interpolatigg&tions is different for every interpolation, the
discontinuity does not have a single well-definetlie.

. In principle we could adjust some of thé values so that the average discontinuity is zero.

1. Mathematical origin of the discontinuity

Many attributes are required of a practical tempeeascale like ITS-90, including continuity, thexdynamic
accuracy, continuity of the first derivative, alétmodynamic accuracy of the first derivative. Tdteer two
properties are required to ensure sensible measuateraf thermophysical properties such as heattgpa
either for constant volume or constant pressure:
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In practice measurements are usually made witlemtgp 1TS-90, so it is implicitly assumed that,
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Thus thermodynamic accuracy of the first derivab¥scale temperature is required to ensure acgukite
measurement of heat capacity (and other proper@es)tinuity of the first derivative is necessamyensure that
glitches in ITS-90 are not mistaken for phase ftams in the material under test.

By analogy with the our assessment3 efTqo we (CCT-WG4) should therefore assess
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Direct measurements @fT,, /0T prove to be too insensitive to be practical butcar break the problem down
and recognise and measure contributiondTg /dT :
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The first term of (4) is simply the derivative dietreference function defined by ITS-90. By deghgs function
has a continuous first derivative so cannot besthece of any discontinuity.
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The second term of (4) is the derivative of an-Bi&interpolating function. While all of these ftionis
are demonstrably continuous within their respecsivieranges, discontinuities occur where subrarggesriate,
especially at the triple point of water where blit one, of the subranges terminate. Note thaétisemo
discontinuity at the water triple point if the merg-gallium subrange is used.

The third term of (4) is proportional &R/ dT , which is an explicit and individual property af a
SPRT. We also assume this to be continuous instedrivative, and certainly it is very unlikelgr such a
discontinuity to occur at 0.01 °C. (Does anyonevkof reports of discontinuities idR/dT ?) ThedR/0T is
different for every SPRT, and ideally the intergimlas compensate for the different sensitivitiesliffierent
SPRTSs so that (4) is very close to unity everywhere

The observation that the cause of the discongirligis within the ITS-90M (W) interpolations can be
expanded. If the slopes of the two neighbourirtigrpolations are the same where one or both inteipos
terminate, then evidently there is no discontinuityis shows that the discontinuity phenomenoneshar
features with subrange inconsistency (SRI): SRhésdifference between two interpolations operatiner the
same temperature range. The slope discontinuggsas the difference between the derivatives of
interpolations operating over neighbouring subrange

2. Summary of observationson SRI

Recently Greg Strouse and | published a paper@subrange inconsistency (SRI) in ITS-90 [1]. la th
mathematical analysis of the equations for the 8R&, parameter, which we labelledSkept recurring in the
equations:
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whereW is the measured fixed-point resistance ratio foSBRT at thé" fixed point { = Hg, Ar, Ga, Sn, ...) ,
andW,; is the reference resistance ratio for the saneglfpoint. The§ value is the ratio of the sensitivity of the
SPRT under test to that of the SPRT used to défige90, i.e.,
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SPRTs with the highe§ values are usually considered to be the highestegr

Figure 1 below plots th§ values for a total of 60 different SPRTs at thelAg, Sn, Zn, Al, and Ag
fixed points. Plots of th& values, such as Figure 1, are very useful for agagpshe quality of an SPRT and the
consistency of a set of fixed-point measuremeniso,Ave can draw the following observations:

(1) All of the mathematical expressions for SRI aréeims of differences in th& values. For example, the
SRI for the water-zinc and water-tin subranges is
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If all the § values are the same then there is no SRI.

(2) A horizontal line for a single SPRT on Figure 1 esnabout because the differences in SPRTs behaviour
are determined almost entirely by Matthiessen's,rsb that a linear interpolation is sufficiento$l of
the SPRTs close 1§ = 1 exhibit this behaviour, and therefore haveva $RI.

(3) SPRTs for which the $/values lie on a straight line that is not horizdntill have zero SRI for all
interpolating equations that are quadratic or higinder. SPRTs of poorer quality (Id8walue) all show
a trend for fallingS values with increasing temperature and therefagaire, as a minimum, quadratic
interpolation.

(4) One of the most conspicuous features of Figuretei€onsistent drop i§ values between the mercury
point and tin point. This feature would be moreagpt if gallium and indium fixed-point data were
included. The difference between set§ofalues above and below 0.01 °C is the cause ahtdgnitude
of the discontinuity observed by Dr Rusby and atharthe triple point of water. The root causéésise
of two different thermometers, a capsule thermontaéow 0.01 °C and a HTSPRT above 0.01 °C, to
determine th&\, values to the used in ITS-90. The two thermometene not sufficiently similar to
avoid the creation of the discontinuity.
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Figurel: The ratio§ = (W -1)/(W,; - 1)for 60 SPRTs measured at fixed points in the rdrama argon to

silver. The dotted curves at the bottom of the riaglicate the sensitivity & values to changes in the fixed-
point temperatures. The ITS-90 qualification ciaddor SPRTs correspond > 0.9994.



3. Examples of expressionsfor the discontinuity
All of the ITS-90 SPRT interpolating equations danwritten in the form
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whereW;;, are the reference resistance ratios assigne@i®P0 to theN fixed points used in the interpolation,
and thefi(W), are functions of measured resistance ratios. olmny8), the various fixed points and interpoiati
functions are enumerated by the indeand theA, values are the values measured at the fixed pdihesindex
may be numeric or the chemical symbol for the @poading fixed-point substance. In all cases wheraeric
indices are used,= 1 corresponds to the water triple point. Asvefadn [1], the interpolating equations can
also be written in the form
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which greatly simplified the analysis of SRI in FB®, and simplifies the calculation of the diffecerin slopes
here. For example, the linear interpolation forwaer-indium subrange can be rewritten as:
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The derivative atV =1 is given by
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so that the slope of the water-indium interpolai®the 15 value measured at the indium point. Following the
same line of reasoning, any linear interpolatingagipn corresponds ®= constant in Figure 1, and the
difference in slopes is the difference in the 1#8igs when extrapolatedWé= 1. Thus, the slope of the water-
gallium interpolation is Bg,, and the difference between the slopes for adigallium and linear indium
interpolation is 1%, — 1/S,.

The interpolating equation for the water-tin sutgy® is
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so that a quadratic interpolation\ih values is equivalent to a linear interpolatiorii8 values (which is very
close to a straight line on Figure 1). The diffa@im slope between two interpolations correspoodse
difference inSvalues when the lines are extrapolatetMol. Note that the equation for other quadratic
interpolations can be obtained simply by repla¢hgysubscripts.

The derivative of (12) is
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which at the triple point of wate¥\(= 1) simplifies to
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Note that derivative simplifies to that for thedar water-indium interpolation if tHg values for the indium and
tin fixed points are the same. The derivative efahgon-water interpolating equation at the trjgdent of water

has a very similar form;
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Again we can see the important of healues. Most importantly, the magnitude of the digmuity between
different interpolating equations depends on tliledinces between tigvalues. For example, the difference
in slope between the argon-water and the watdént@mpolating equations is
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Note particularly, that if all th§ values are the same then there is no discontinuity
Another interesting observation is that sirf§e= (W —1) /(er,i —1) , the limit of this function asv = 1

is the reciprocal of the derivative of interestefdfore, intersections of the interpolation equaiwith the
W, = 1 axis in Figure 1 directly measure the sldpédW;, andintersection of the interpolations with tié= 1
axis, in Figurel, gives a pictorial representatibthe slopes at the TPW. The discontinuities ardemt from
the different points of intersection with;, = 1.

4. Observationson | TS-90 scale artefacts
At least three ITS-90 scale defects are appardrigire 1:
(1) There is a large drop in ti&values between those above and those bélowl.

This observation affirms Richard’s (and others)estations on the existence of the discontinuityteNbat the
structure of ITS-90 guarantees the existence abdtnuities: what we are taking about here is lageovation
of discontinuities at 0.01 °C that are, on averaggsed away from zero, and much larger than thiedy
variations in slope observed elsewhere in the scale

The origin of the discontinuity at 0.01 °C is thee of two different SPRTSs to establish the vafoes
the reference resistance ratios used in ITS-90la/hée two thermometers where very similar theyensot
identical, and hence the set of reference resisteat®os below 0.01 °C are not entirely consistétit the
reference resistance ratios assigned above 0.01 °C.

(2) The§ values for the mercury point seem high in comparisothose for the argon point.

| have had a quick look back through the CCT wagldocuments but have been unable to find anything
definite about the assignment of they, value. It is possible that this was tweaked (dwgsn the wrong
direction) to minimise SRI. Drs Hill and Rusby miag able to recall what was done.

(3) It is apparent that there is experimental noisthéeidue to measurement error or real differences
between SPRTSs) in th&; values.

The same phenomena presumably affected the twmtimeeters used to establish the reference resistance
ratios, and therefore there is a small random compbto the reference resistance ratio valuesradigy I1TS-
90. This effect ensures that discontinuities oacliere every subrange terminates.
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