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1. Introduction

According to the draft®SI Brochure [1]:

(1) The SI is a consistent system of units for use in
international trade, high-technology manufacturing, human
health and safety, protection of the environment, global
climate studies and in the basic science that underpins all of
these.

(2) Individual countries have established rules concerning the
use of units by national legislation, either for general use or
for specific areas such as commerce, health, public safety,
and education. In almost all countries this legislation is
based on the SI. The International Organization of Legal
Metrology (OIML) is charged with the international
harmonization of the technical specifications of this
legislation.

(3) It is recognized that some non-Sl units are widely used and
are expected to continue to be used for many years.
Therefore, the CIPM has accepted some non-Sl units for
use with the SI; these are listed in Table 8.

In fact, national legislations regarding the useuaits are in
general based on the SI. The SI Brochure has been increasingly
adopted as a reference for that purpose. This is good for promoting
the Sl in the world. Nevertheless, problems occur when a non-Si
unit which is relevant for national commerce and economics is not
included in Table 8 of that document. This table lists the non-Si
units accepted for use with the Sl units. National agencies are then



required to look instead for other standards to base their legislation
on the use of units. In fact, they may prefer to do so at the outset as
the Sl Brochure does not provide some of the information they
need for legal and commerce purposes. This may limit the
utilization of the SI Brochure.

The non-SI unit we are concerned here is: var. The quantity
reactive power whose unit name is var with unit symbol var is
relevant for national commerce and economics; it is part of legal
legislation in developed countries; and it is expected to continue to
be used in the future. Our objective here is to justify the inclusion
of such unit in Table 8 of the SI Brochure.

The quantityactive power, whose unit name is watt with unit
symbol W, should not be included in the SI Brochure as the
guantity power, whose unit name is watt with unit symbol W, is
already included in Table 4 which lists the 22 Sl units with special
names and symbols.

It is not necessary to include the quanéipparent power, whose

unit name is volt-ampere with unit symbol V A, in Table 6 of the
Sl Brochure which lists examples of coherent derived units whose
names and symbols also include derived units. The reason is
clearly stated in page 12 of that document: it is not possible to
provide a complete list of derived quantities and derived units.

Though all these three quantities (active power, reactive power and
apparent power) have the same unit expressed in terms of base
units as kg s, electrical engineers need to compute separately
each of them when designing electrical facilities. To avoid
confusion, electrical engineers have historically assigned different
units for each of those quantities. The active power is the average
energy flow from the utility to the costumer. In fact, it is the actual
average power supplied which is consumed in realizing work and
dissipating heat. The reactive power is related with the energy that



is swapped back and forth between the utility and the consumer
facility. It is proportional to the average energy stored in the
electric and magnetic fields. The active power does not account for
such component since there is no average energy flow related to
such component, or in other words, there is no average increase in
the energy stored in the costumer facility. The apparent power is
the square root of the squared sum of the previous two power
components and provides relevant information concerning the
facility size and its short-circuit requirements.

Utilities are increasingly interested in measuring separately the

active power, reactive power and apparent power. There is

increasing concern in taxing separately each of these power
components even for the residential costumer. The electrical

instruments to be used should give clear indication on each of these
power components so that the costumer knows what is being paid
for. As the instrument readings are designed to help both the utility

and the costumer, the instruments provide different units for each

of these power components that are widely accepted.

As stated above, our objective here is to justify the inclusion of the
unit var in Table 8 of the SI Brochure. In section 2, the average
power flow in steady-state ac problems is computed. In section 3, a
similar calculation is performed using circuit theory
approximations. In section 4, the complex Poynting vector theorem
is deduced. The Poynting power density is related to the circuit
power input in section 5. The active power, reactive power and
apparent power are finally defined in section 6. The role of reactive
power is discussed in section 7. A few applications of the reactive
power in electrical engineering work are described in section 8.
The impact on Appendices B and C of the MRA is discussed in
section 9. An alternative polarity convention is commented in
section 10. Conclusions are presented in section 11.
Acknowledgments are in section 12. The references and the
bibliography used to compile this text are added at the end.



2. Time-averages of Time-harmonic Electric and Mgnetic
Fields

Sinusoidal time variation at a fixed frequenayis of practical
interest, as many of our sources generate sinusmitjauts.

For sinusoidal time variation it is convenient tseuhe complex
notation (phasor method) to represent the instaotas values of
the electric fieldE(t) and the magnetic fieldl(t) as the real parts

of complex exponentialge '“ and Held, respectively, wher&

and H are complex vector functions of position, ands the
imaginary number.

We can write then

Et)= Re(l%e““)= R4(E, + JE, )(cosat + j sinat)] )
=E, cosat - E, sinat
where the real part df is E; and the imaginary part &;, with

similar notation forH . Poynting’s vector representing the energy
flow at instant can now be expressed as

E(t)xH(t)=(E, xH, )cog at +(E, xH, )sin? at

~[(E, xH,)+(E, xH, )|sinat cosat @)

Recall that theE(t) is in volts per meter and(t) in amperes per
meter, which make&(t) x H(t) a quantity in watts per square
meter.

Usually, the average energy flow per unit timefisnore practical
importance. If we average the instantaneous Paystivector over
an integer number of signal perioti$= 217 «), we obtain



(EQ<HE) =5 (E, xH, +E xH)) ©

This gives the average power flow in steady-stat@rablems. It
can be written in a more convenient form using cemmotation
as

A ~

(E(t)xH(t)) :%ReExHD (4)

where the asterisk denotes the complex conjugate. The time-
average value for the cross produckEgf) andH(t) is equal to half
the real part of the cross producttofind the complex conjugate of

H, A

The vectorE x H’ represents the amount of complex energy per
unit time crossing a unit area. This power dengtyalled the
complex Poynting vector

S=ExH" (5)

Such a vector is perpendicular to the plane detexthbyE and
H*, and is in the direction of energy flow. Thus,egative value
for the complex Poynting vector represents inwanérgy flow
through a unit area.

3. Time-averages of Sinusoidal Voltages and Cumés

For sinusoidal time variation it is also convenidot use the
complex notation (phasor method) to represent iistantaneous
values of the voltage(t) and the curreni(t) as the real parts of



complex exponential¥ e’“ and | e'“, respectively, wher¥ and
| are complex scalars.

The instantaneous electric power at a single texhpair is

v(t)i(t)=V.1, cos at +V,1, sin® at

6
(1, +V1,)sinat cosat (©)

where the real part of is V; and the imaginary part i, with

similar notation fori . Recall that thes(t) is in volts andi(t) in
amperes, which maket)i(t) a quantity in watts.

If we averagev(t)i(t) over an integer number of signal periods
(= 2@, we obtain

(Ui R) =5 (1, +vit) )

This gives the average power flow in steady-statep@blems
using the circuit theory approximation. It can betten in a more
convenient form using complex notation as

(v{t) (t)>:%Re\7f* ®)

The time-average value for the voltage-current pebaf v(t) and
i(t) is equal to half the real part of the producthe voltage phasor

V and the complex conjugate of the current phasor .



The scalafx?f*/z represents the amount of complex energy per unit

time flowing in a given point of a network. It isferred to as the
complex power

S=Vi"/2 9)

The magnitude of the complex quantify is called apparent

power and is expressed in volt-amperes (unit symbol Vt@)
distinguish from the real part of the complex powenich is

expressed in watts (unit symbol W). According th {@lt-ampere
and V A are respectively the IEC name and symbotie SI unit
of apparent power (the reader should also con3])It [

4. Complex Poynting Vector Theorem

Attention is focused on a network excited throughingle external
terminal pair as illustrated in Fig. 1. This cirfcaiay comprise any
number of inductive, capacitive and resistive eletseincluding

distributed reactance and resistance as well asetiiscomponents.

We can formulate Poynting’s theorem for time-avedaguantities
by using the complex Poynting vectsr

Consider the identity

~ A

OExH=HMxE-EMxH" (10)
Using Maxwell’s equations for time-harmonic fields,

OxE=-jaB (11)
OxH7=3%= jaD” (12)



SURFACE, S,

33

NETWORK OF INDUCTIVE,

CAPACITIVE AND RESISTIVE
ELEMENTS, N

VOLUME, V,

Fig. 1. Network “N” comprising an arbitrary numbafrdiscrete or
distributed elements with a single frequency exkersource of
excitation.

the above identity becomes
OB =-jeBH"+ joD E-ED" (13)

Integrating this expression over the voluMgewhich is bounded
by a surfaces, and applying the divergence theorem to the left-
hand side gives

-ﬁém:jwju(ému-éubﬂ)dvﬂimudv (14)
Sy a a

which is the complex Poynting vector theorem.



5. Poynting Power Density Related to Circuit Powdnput

Referring again to Fig. 1, the network “N” is asstmnto be
enclosed by a surfac® which contains the passive elements but
not the external source. Under what circunstansethe surface

integral overS equivalent to the voltage-current product of the
terminals of the wires connected to the network?

Two attributes of the fields on the surfegeenclosing the network
are requiredFirst, the contribution of the magnetic induction to E
must be negligible on the surface S.. If this is so, then regardless of
what is inside the surfac®, on that surface, the electric field can
be taken as irrotational. Thus,

E=-0¢ (15)

where & is a complex scalar function of position and tlsver
input term on the left in the integral conservatiaw, (14), can be

expressed as
—ﬁéma:ﬁmﬁxmma (16)
S S

Next, the vector identity
Ox(®A")=0dx A" +dOxA’ (17)

is used to write the right-hand side of (16) as

—ﬁéma:ﬁDX(&DFID)ma—ﬁ&DDXQDEia (18)
Sy Sy Sa



The first integral on the right is zero becausedin¢ of a vector is
divergence free and a field with no divergence haso flux
through a closed surface. Equation (12) can be tsediminate

curl H from the second. It follows that in taking theeigtal over
a closed surface of the complex Poynting’s veatercan just as

well write
ﬁ; Slda = ﬁ = aDD (19)

Note that this expression holds only on the surfalbieh encloses
the network, not necessarily on surfaces inside tb&ime
enclosed by that surface.

Second, on the surface S, the contribution of the displacement
current must be negligible. This is equivalent to requiring th&t is
chosen parallel to the displacement flux densitythis case, the
total power into the system reduces to

—ﬁéma: —ﬁ&njﬂma (20)
Sa S,

The integrand has value only where the surfadatersects a wire.
If taken as perfectly conducting (but neverthelaess region where
jawBis zero and henck is irrotational), the wires have potentials
that are uniform over their cross-sections. Thug20), ® is equal
to the voltage phasor of the terminal. In integmtihe current
density over the cross-section of the wire, notd ¢ is directed
out of the surface, while a positive terminal caotrghasor is
directed into the surface. Thus, the input comjplewer expressed
by (20) is equivalent to what would be expectednfrac circuit
theory, that is



—ﬁéma:ﬁ* (1)
S,

a

6. Active and Reactive Power; Apparent Power

ExpressingV and I” in polar coordinates in (21), that is, using
V =|V|Og,andi”=||0-6, gives

—ﬁémﬂﬁ”f\mev -8 (22)

From (21) and (22), the integral conservation lé), becomes

i iioa, -
B jwjji(éﬂqm—éﬂﬁﬂ)dv +”£ézﬁ%v 3)

If we now divide by 2 and take the real part of)(28suming the
volume integrands are real we obtain

1reviv =Y
2

A

5175048 -8)
e

where |V |/v/2and | |/v/2are respectively the root-mean-square
(rms) values of the voltage and current appliethéonetwork at a

(24)



single terminal pair (their product is thpparent power). The term

cos @ — 8) characteristically indicates the extent to which the
network absorbs power from the source and it is cgbasler

factor. The product of the rms value of the voltage and the rms
value of the in-phase component of the current isatkige power.

This term is used as a means of reference to the average energy
supplied by the source and consumed in the network per unit time.
The unit name of active power is watt (unit symbol W).

This equation expresses the balance for real power flow. The left-
hand side of (24) represents the average flow of power through the
surfaceS, which bounds volumé&/,. The right-hand side of (24)
expresses the power dissipated as heat and the rate of work done
inside the volume ¥ Note that the energy—storage terms are absent
because, for sinusoidal time dependence, there can be no average
increase in energy stored.

The remaining imaginary part of (23) which is

L =Y
2

\/_\/I_sm(é(, 6)
-2a)”£ -EDY)av

shows that the imaginary part of the input power is equalado 2
times the difference in the time-averaged values of the magnetic
and electric energy stored inside the volWheThe product of the

rms value of the voltage and the rms value of the quadrature
component of the current is called tigactive power. This term is

used as a means of reference to the average net energy stored in the
network. According to [2], var is both the IEC name and symbol
for the Sl unit of reactive power (the reader should also consult

[3]).

(25)



The average power supplied by the source is given by the real part
of vi*/2. Since the reactive power, as just defined, is equal to the

imaginary part ofvi*/2, it seems logical to regard the quantity
Vi'/2 as thecomplex power. If the active or average power is
denoted by the symbol P, and the reactive power by&have

S=P+jQ (26)

7. Discussion on the Role of Reactive Power

If the two fields associated with a given network store, on the
average, equal amounts of energy, then they merely swap a certain
amount of energy back and forth between them inside the volume
V,, and the source isot called upon to enter into this interplay
once it has reached the steady state. It is only when the average
energy stored in the magnetic field differs from the corresponding
one in the electric field that some of the stored energy is
continuously played back and forth between the source and the
network. The reactive power is thus seen to be a measure of the
extent to which thesource participates in the interplay of stored
energy, because it is proportional to the excess in the average value
of magnetic as compared with electric stored energy.

One might argue that, so long as these storage elements absorb no
net energy on the average, their presence or their effect upon the
network behavior implies no net cost to the one who has to pay for
the energy consumed (and only energy actually consumed means
work done and heat dissipated by some facility). The fallacy of this
argument lies in the assumption that the only energy consumed has
to be paid for, or that energy that is stored should cost nothing. On
the contrary, utilities who are in the business of supplying electric
energy at a price justifiably feel that they are entitled to some fee
for energy that is only stored by the costumer and returned in good
condition, because the utility has to go the same trouble and



expense to generate and distribute the energy,hehetored or
consumed, notwithstanding the fact that only thesooned energy
materially diminishes the coal pile.

Thus it is seen that somehow the energy that ipgeaback and
forth between source and the network has to bekedhomf.
Although the term “power” is not well suited as esgjnation for
these “swappage” of energy, since power means rileng and
on the average there isn’t any, nevertheless theraactive power
or wattless power is used as a means of referencehe
phenomenon we are discussing.

The fact that the excess in the average value dajneta as
compared with electric stored energy may be nuraklyinegative
as well as positive makes it physically possible doe passive
network to supply the reactive power called foamother. Such a
process, which relieves the source from the buodemtering into
the role of an energy lending agency (and relighescustomer of
the burden of paying an additional fee) is refert@ds “power-
factor correction”, a term that evidently is appiage since the
reactive power is zero when the power factor igyurand vice
versa. Reactive power is thus seen as somethirgathEassive
network can supply, and we note again the nee@pgpropriated
interpreting the term “power” in this connection.

8. Power Factor in AC Machines

The power factor at which ac machines operate iscanomically
important feature because of the cost of reactovegp. Low power
factor adversely affects electrical system openatio three
principal ways. (a) Generators, transformers, arahsinission
equipment are rated in terms of kilovolt-amperethea than
kilowatts because their losses and heating are wvegrly
determined by voltage and current regardless ofepdactor. The
physical size and cost of ac apparatus are royglolgortional to



its kilovolt-ampere rating. The investment in geters,
transformers, and transmission equipment for supgha given
useful amount of active power therefore is roughiyersely
proportional to the power factor. (b) Low powerttaaneans more
current and greater dissipation losses in the @éngr and
transmitting equipment. (c) A further disadvantég@oor voltage
regulation.

Factors influencing kilovar requirements in motocsn be

visualized readily in terms of the relationshiptlsése requirements
to the establishment of magnetic flux. As in angcelomagnetic
device, the resultant flux necessary for motor afi@n must be
established by a magnetizing component of curdénhakes no

difference either in the magnetic circuit or in thendamental

energy conversion process whether this magnetizimgent is

carried by the rotor or stator winding, just asniakes no basic
difference in a transformer which winding carridge texciting

current. In some cases, part of it is supplied feanh winding. If

all or part of the magnetizing current is suppliigdan ac winding,

the input to that winding must include lagging kéos, because
magnetizing current lags voltage drop by.9a effect, the lagging
reactive power sets up flux in the motor.

The only possible source of excitation in an ingucmotor is the
stator input. The induction motor therefore muserape at a
lagging power factor. This power factor is very latvno load and
increases to about 85 to 90 percent at full lodath #nprovement
being caused by the increased real power requirsmetth
increasing load.

With a synchronous motor, there are two possiblerces of
excitation: alternating current in the armaturedoect current in
the field winding. If the field current is just $igient to supply the
necessary magnetomotive force (mmf), no magnetizingent
component or kilovars are needed in the armatudeta@ motor



operates at unit power factor. If the field currentess, i.e., the
motor isunderexcited, the deficit in mmf must be made up by the
armature and the motor operates at a lagging péaetor. If the
field current is greater, i.e., the motoragerexcited, the excess
mmf must be counterbalanced in the armature an@adirig
component of current is present; the motor thenraips at a
leading power factor.

Because magnetizing current must be supplied indtive loads
such as transformers and induction motors, theityabibf
overexcited synchronous motors to supply laggingetu is a
highly desirable feature which may have considerasgonomic
importance. In effect, overexcited synchronous msotact as
generators of lagging kilovars and thereby relignepower source
of the necessity for supplying this component. Thieys may
perform the same function as a local capacitor alladion.
Sometimes, unloaded synchronous machines arel@ustalpower
systems solely for power-factor correction or fontrol of reactive
power flow. Such machines, callsghchronous condensers, may
be more economical in the larger sizes than stapacitors.

Both synchronous and induction machines may becsgié
excited when a sufficiently heavy capacitive losgbiesent in their
stator circuits. The capacitive current then fumeis the excitation
and may cause serious overvoltage or excessivsi¢rgnorques.
Because of the inherent capacitance of transmisbims, the
problem may arise when synchronous generators ragegieing
long unloaded or lightly loaded lines. The use luird reactors at
the sending end of the line to compensate the dagacurrent is
sometimes necessary. For induction motors, it ismabpractice to
avoid self-excitation by limiting the size of angrpllel capacitor
when the motor and capacitor are switched as a unit



9. Impact on Appendices B and C of the MRA

The CCEM-K5 key comparison on 50/60 Hz electric poy] run
from 1996 to 1999 included measurements of actweep only.
The commercial traveling standard used in the CQ3V-
comparison was only able to measure active powes.tést points
were: rms voltage of 120 V, rms current of 5 A witbwer factor
1.0, 0.5 lead, 0.5 lag, 0.0 lead and 0.0 lag.

RMO comparisons on 50/60 Hz electric power werelémented
subsequently using similar protocols. Nevertheled® key
comparison implemented in SIM region from 2010 t012

namely, SIM.EM-K5 [5], modified the original protolcby adding
test points for reactive power. This was made pssvith the use
of stable commercial traveling standards which werasure both
active and reactive power. The test points wera:thms voltage
of 120 V, rms current of 5 A, power factor 1.0, (e&d and 0.5 lag
for active power measurements, and phase anglde&)°30° lag,
90° lead and 90° lag for reactive power measuresnelNbte

however that active power measurement with null grofactors
were eliminated from the protocol. The argumentthfat decision
was that the measurement of active power is prandowv

resolution at power factor close to zero, eithadler lag.

Though the document “Classification of Serviceglectricity and
Magnetism” issued and periodically updated by ti@ERM does
not mention explicitly the terms active power aadative power in
Service Category 7 dedicated to ac power and enatg\WMiIs

who have CMCs published in Appendix C of the MRAl avhich

are capable to perform reactive power measurenmeritésh such
services in their CMCs and use the unit symbolwaen declaring
the related CMC entries.



10. Alternative Polarity Convention

The current phasor was assumed as the referenserghaall the
previous sections. The reactive power is then pesivhen the
time-averaged value of magnetic energy exceedsrteeaveraged
value of electric energy in the network and beiegative when
the reverse occurs. When the reactive power igipeswe say that
the network operates at a lagging power factomasd@uctive load
where the current lags the voltage in time or,eémis of phase
angles,&, > 4. In this case, the source needs to supply theriggg
reactive power demanded by the network. When thetikee power
is negative, we say that the network operates laading power
factor as a capacitive load where the current leadsvoltage in
time or, in terms of phase anglé,< 4. In this case, the network
can supply the lagging reactive power called faanother network
connected to the same source, thus relieving tbecedrom this
task.

This sign convention agrees with most European maatured
meters and is adopted by IEC. But most Americarersaise the
opposite sign convention (simply by using the \gdtgphasor as
the reference) [6]. The latter convention resuitenf defining the

complex Poynting vector a8 x H and the complex power as
V'i/2, so that the power factor becomes d#s-(&,) and all the

reactive power signs referred to in the above papy are
reversed accordingly.

One additional note: it was assumed here that dnece delivers
active power to a linear passive network. The agtewer is then
always positive. The active power may become negatihen the
network contains sources inside the voluieso that it supplies
average power to the external source.



11. Conclusions

It was shown here that indeed the quantities agtoxger, reactive
power and apparent power should have different n@ames and
symbols. The measurement of each of these quantine the
correct interpretation of their meaning are relévian the society.
They have played a significant role in the lasttegnsince the
advent of electricity and will continue to play igrsficant role in
the future.

Based on all information provided above, the Caasive

Committee on Electricity and Magnetism (CCEM) resjgethe
Consultative Committee on Units (CCU) to include timit var in

Table 8 of the SI Brochure which lists the non-Sitsiaccepted for
use with the SlI.
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