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Interval densities for extended dead times

Jorg W. Miuller

1. Introduction

Dead times of the extended (or paralyzable) type, where every incoming pulse,
no matier whether counted or not, is followed by a time interval of length T
in which no further registration is possible, are not very popular. This may be
due to the fact that they always give rise to larger losses than would result
from the same dead times of the non-extended type. This is directly connected
with their cumulative character, which can give rise to very long periods

of total paralysis. Furthermore, their statistical behaviour is in general much
more difficult to handle mathematically. Whenever there is a choice between
these two types, therefore, as is the case, for example, when a dead time is
inserted electronically into a series of pulses, the simpler non-extended type
with the smaller correction would probably be preferred.

However, the type of dead time may be imposed by the physical nature of
certain parts in the electronics. In particular, automatic pile-up~-suppression,
as it is commonly used today in window-amplifiers for Ge(li) detectors, imposes
a dead time which is, to a very good approximation, of the extended type.

This can give rise to some serious problems DJ .

In order to be able to deal with such cases, a good knowledge of the interval
distributions which correspond to extended dead times is indispensable. Such
problems, as a rule £2] ; can be considered as special cases of the theory of
renewal processes which in turn are fully described by the probability density
of the time interval between successive events.

A most instructive way to find the interval density (or its Laplace fransform)

for the special, but very important case where the original sequence of events

forms a Poisson process has been described by Feller [23 *) This process is
known to have some very particular features. Especially noteworthy among
them is the independence of the expected interval from the time elapsed since
the last event. As a result of this complete "lack of memory", the time origin
in a Poisson process can be chosen at will. This property, which is unique for
the Poisson process, has been essentially used in Feller's elegant derivation.
It is not evident, however, whether the reasoning along his lines can be
generolized to permit other applications.

*) His reasoning may also be found in [33 ; partly with the same misprints
in the formulae, where a more general type for the dead time is also treated.



2. Another way to arrive at interval densities

An attempt will be made here to arrive at an expression which allows the
calculation of interval densities after imposing an extended dead time
(see fig. 1). Our problem thus consists of finding the resulting interval
density 2f(f). '

]f(t) extended 2f(1‘)
dead time

T

Fig. 1 = Notation for the interval densities

We denote by
]F(f)_ the interval density in the original renewal process and by
f(t) the interval density in the process resulting after insertion of an

extended dead time T .

For both sequences which are = as a result of the independence of the
successive events = of the renewal type, we may write for the density of
a k=fold interval

r Y ¥k
= Lo | -
fk(f) \f(f)j , k=1,2, ..., (n
and for the total density
D = S £ . @)
k=1 '

We now assume that at the time t = 0 a pulse has been registered. Let us
determine the interval density to the next event.

According to the definition of an extended dead time, the occurrence of
any output pulse for t+ > T requires two conditions to be fulfilled simultaneously,
namely

~ that there has been an original pulse at time t , and

= that there has been no original pulse within the preceding interval
from t= L to t, otherwise t would have been overlapped by its
dead time.

Because t-C cannot be negative, we replace it by the new quantity

t = ax (=T, 0)
)

which assures, since t >0, that the whole interval considered is after t=0.



This now leads us directly to the fundamental equation
D = UG) - DO W () @)

where
W (t , t) is the probability that there is no pulse in the original sequence
I o0 —_

between fo and t, when an event has occurred at t =0, and

ui )= -O for fo <0 is the unit step function.
° n
{1 fo> 0

Since we know in advance that 2Fk(t) will vanish for +£T , and therefore

also 2D(‘r) , it is in general sufficient to consider the region t> T , where

t =t-T '

o .

The desired density ,f(t) can only be extracted in a simple way from (3) if
]V\/O(fo, t) is independent of t, which in general is not the case. The explicit

calculation of ]WO will be discussed in the next chapter.

The problem of determining 2F(f) is particularly simple for the important

special case where the original sequence forms a Poisson process. We then
have

O o= U e | (4)
and thus

0 = U 'ﬁ(%‘{%k?i LT (5)
therefore

DM = U - p -e'pf-;% ig—tf—k—= u@) - P (6)

Since the time origin can be arbitrarily chosen in this case, we get for t > T
— ’ — ! — —PT
W, = W T,t) = ]wo(o, T) = e . (7)

According to (3), the total output density for an original Poisson process is
therefore with (6) and (7)

-~ - PT
2D(f) = U=-C) +P+e . o .®
But for the transformed total densities (2), the following relation qlway»s.hg‘l_dsv\_
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from which we conclude that
Ho = 28 (10)
1 +D(s)

But since for a Poisson process, according to (8), we have

By = £ . =T
2D(s)—'—s—esP 7

the transform of the desired output density is now determined from (10) as
~ 0 0
fs) = = e, - amn
. ~ - + 0
S G IR R

This is identical with the result derived by Felier ([2] ;, eq. 43) on the basis
of his considerations concerning the total length of the effective dead times
resulting from their cumulative nature.

3. Calculation of ]W r , 1
o' o

For the general case, the probability for no event in the interval under study

is a bit harder to determine. In close analogy with the considerations discussed
earlier in the context of non-extended dead times [4] , we assume that exactly
k pulses of the original series have arrived in the interval from 0 to =T

(see fig. 2).
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Fig. 2 ~ Schematic representation of the densities needed for derlvmg ]W

The probability density for the first pulse arriving after pulse number k is then
given by



with fo as defined in (3).
Thus (12) may be written as
“t
o
Pt = j o) i =00 dot

(o]

and the probability for finding this pulse within the interval (fo,i') is given by

t
Pk(r) = J( pk(f') dt"

t
o

Therefore, the required probability for no event within (i‘o ;1) is finally
obtained as

O
W = -
]/.o(to ) ] go Pk(f)

An easy check for formula (15) is provided by the Poisson process. in this

case, we expect Wo to depend only on the length T of the interval,
but not on its position t (provided that t >T).

We now have

k-1
_ L PP - Pt
]fk(f) = U(t) T e '
qr;d with (13) therefore
t
* (90T Cpx SO =)
Pk(f') = ( -—(E:T)'_ e P e d X
!0
fo K
k1l  -ptt C plet ) »
¢ ‘ k-1, o pt
L S AL
o

(12)

(13)

(14)



This yields with (14), for the conditional probability that pulse k+¥ arrives
within (fo,f)

k t
P(pt) Ot
Pk(f) = __—k_—-[o__— -j e Kjf C“_I
! to
= 2 e %-eTPh

o - Pt - ocg (pt)
B R
k=0 k=0
=p(t-t_)
= 1-e

For a Poisson process, therequired probability for no event within (t_, 1)
. . . . o
is thus given according to (15) by the relation

, = (-t )
IV\JO(’rO,?) = e , (16)
_ h for 0t C
where b - fo =T NG

As we expected, (16) is for t »T equal to the probability that there is no
event in the time interval from 0 to T in o Poisson process.

4, interval densities for an original Poisson process

The aim of this chapter is to arrive at explicit formulae for the single and the
multiple interval densities for the special case where the original process has
been of the Poisson type. From a practical point of view, this is the most
important application. The problem essentially consists of finding the originals
of some Laplace fransforms.

Since we shall always deal with the resulting distribution, the index "2" will
now be dropped.

when o Peisson process with rate p has been modified by the insertion of an
- ! ° °
extended dead time T , has been found earlier to be given by

o, (04T

flo) = o mlpTs) T ' ar)

s+(.'/

) L~
In order to find the corresponding original f(t), we now interpret f(s) as the

sum of an infinife geometric series, i.e.



o

f(s) = xO ';:>:l xl = ——:—x—
=0

OO, X _
. ' : (17)

A comparison with (11') leads to

5 Ny
x o= -l (18)
- o
and. x = £ e (?+s) = - x ,
o 5
which permits us to write now
- =
f(s) = - > x' (19)
=
first . i,
Let us/determine the original corresponding to a single term x' in (19):
RIS . ot -iCs )
i]ixl}:i] (=P‘€&)l"§"—-‘“—"§
S |
Since
o =
-1 1 ¢! ,
. J—=—% = U{t) * 7=+ f =1,2, «..,
SD\ \,\ sl % () (I"'])' or l
the shift rule v
5@4 \S?’ =Xs| _ , ) p 50
L f(s) - e = U(t=&) « f(t=¢o) , for X 20,
leads to the relation
- PP, =) . ’ | (20)

O PRI o R R SRS IR ==

This gives for the original density with (19)

[ o . ‘ - T e _.' ] l"]
f(t) = —iw}, > XIZ = - Z U(f-]t) (- O e G(’>l . _(_t___l:'z_;_)__!___
=t { ; (j=1) !
0 (-7t
= . ____I__..___._ o e_l P(/
f 2 VT T ' @
= p-ic)

where Ti =

The notation adopted here is as close as possible to that used previously
(e.g. in [5]). The step function U ensures that | T does not exceed t

and .thus in effect reduces the sum to a finite number of terms.



Let us briefly look at the behaviour of f(t). For the different time intervals,
the contributions may be split up as follows :

f(f) = -0_ for 0 < féﬂcﬁ
O<] n T < ngC
;) + 0(2 u 27T £t 3T
( " T £ 47T
<><}+D<2+o<_3 3 Lt £ 4
( K.+ ol o " "~/ <57
s(]+o<2 o+ O, 4T ( t+ £57T

with ‘-'><] = P oexp(=pT)

0<2 = - _Pz * (t-2T) " exp (=2 9¢7T)
b<'3 = %— P3 . (1‘-3?:)2 < exp(=397T)
Ly = g P -4T)° - exp(-4 1)

We therefore expect f(t) to be constant within the interval T (t £ 2 T
and to decrease linearly between 2 T and 3T to a fraction

1 - o7 exp(=p7) =1 = yTof its initial value.

This theoretical shape of the interval density (i) is very well confirmed by
direct experimental measurements, as can be seen from fig. 3a.

b) Multiple intervals - As has been mentioned in chapter 2 already, the

"history" of the process prior to the last interval has no influence whatsoever
on the occurrence of the later events. Therefore, the contributions to multiple
intervals are independent, and the density for a k=fold interval is given by

the k=fold self-convolution of f, as stated in (1). For the transform, this
results in

r\f;(s) =P\f/k(s) , for k}/l ;
where f] is identified with f.
For our original Poisson process, this leads with (17) to
6 = (=) (22)
Using the relation (compare e.g. ]:6] , p. 10)
ve

_.__!__k = z (k+i=1) . Xi ’ 'For x2 < ] 7 Lo .4 \23)’
(1=x) i=0 !
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Fig. 3 - Experimental determination of interval densities

The accentuated points lie at t = ¥, 2¢ , 3T, ..
a) Single interval density (measuring time 5 h)

b) Double interval density (measuring time 12 h).
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this can be written as

~ SO Ly :
P = (-nkS (KR Lk (24)
k i:o !

But according to (20), we have the correspondence

- e+
(ke ro oy = H] T
i 1 Xk""l} U(.I._I\k_i.I!’C') . (,= P ‘e PQ)k'l'l . L(-k+i]._]) !

it

Tk+i-—l
- copkti o Lkt -k PT
U(Tk+‘|’) (-1) 1% N1 e . (25)
Therefore, (24) now turns out to be
o0 Thti-] ~
SN AU cow kL m(ke T
Finally, with the new summation index j'=k+i and by applying the well-known
identity
ny = n
for the binomial coefficients, the density for the k-fold interval can also
be written in the form (the prime in |' is dropped again)
k"‘] _.:'_ ._] ("T.)iu] = QC
) = P (=D X (T s e, (26)
k =" k~1 (j-1)!

where k=1,2,3, ..., and J = Z Zt/f] j is the largest integer below t/7T .
For J < k, the density Fk(f) should be taken as zero. It is easy to verify
that k=1 brings us back to (21).

In particular, for the density of double intervals, (26) gives readily

folt) =70 for 0 ¢t 4£2°T
| B, oo 2Tt 437

J B, + By " 3Tt L4l

By *By + By " 4Tt 5T
'i\52+63+f34+f35 "o 5Tct 67T
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with [32 = P7 e (t-27T) c exp(=2p7)
[33 = - §/3 . ("r-375)2 . exp(=3 pT)
[34 = % (74 . (i'—4'C)3 «exp(-4¢T)

By = 107 (570" - exp(-5 0T)

This density also, which rises linearly in the interval 2T £ 1< 37is well verified
experimentally (fig. 2b).

In general, the k-fold interval density (26) is described by a polynomial in 1,
the degree of which depends on the range of t itself. In particular, for the
first time interval after the dead time of total length kT, i.e. in the range
kT<t £ (kt1) T , the probability density is given by

k(- )T kex

——‘——-— - € . (2 7)

£ () = p =T

k

If the interval chosen is characterized by the quantity J as defined above,
the degree of the polynomial in this interval is determined by

( 0 for J /£ k
U= sk (28)

5. Determination of the moments

In what follows, we shall restrict ourselves to determining the first few moments.
I
Nevertheless, the method of calculating them by means of their transforms is
7 g Y
quite general and moments of higher order may, if needed, be obtcined along
the same lines.

We realize, of course, that on the grounds on (1) it would be sufficient

to determine the moments for a single interval, since their combination for
multiple convolutions is well known. For checking purposes, however,

we prefer to derive here the relevant expressions directiy for the multinle
intervals.” S '

"As is well known, the ordinary moments mr(f) of a random variabie + can be

obtained directly from the transformed density £(s) by differentidtion, since

o, 4 |

(29;
ds'

mr(f) = (~1)
b s=0

instead of the sum (19), we derive from (22) another form which is equivalent,
but more useful for the present purpose, namely
*) Those readers who qn?erﬂi?\,feresfed in a simple derivati y always assume
. ple derivation may always assume
k=1 in what follows, avdiding thereby some of the more troublesame
transformations.



11

, k
- X [ =— =i\ k
P = () =(—-—-~) - (2 ) (30)
Inserting x , as defined by (18), leads to

) . of
T @ GO

i=0
T od . . 2 -
TSl aegT e 2 BE Tk (31)
Lo : i
where R =~ » ePT

¥

If we restrict ourselves to the moments up to order r=3, a power series expansion
of (31) as far as s is sufficient. This first leads us to

— 2_2

‘fk(s) = i] “Rs - {1 +sCT +s T /2+...)

+(Rs)2 (1 +25C +..)) - (R3)3 (1 +..) k
= '] -5 R+ 52 * RR=-T) - 53 L R‘.‘:R2-=2R'T:+’t2/2) + “’__I"k
Applying the results (A5) derived in the Appendix with
a; = - R
a, = R+ R -T)
o, = -R-®R>-2RT + T2H)
the fransform can be reduced to the following power series in s:
o~ : k+ o
) = 1-s R+ IR (ELR-T)
— 2
-0 - KR iﬂiiz(_k“—z—)- RZ + (k-1) R R=T) + R22R T +_?;_)_}
L - ' -
From this and (29), we finally obtain for the moments
mo('r) = ]
ml(f) = k R
- - (32)
my(t) = KR+ | (+])R - 27
1,2 2 - 2] ‘
m3(f) = kR _L(k +3k+2)R™ -~ 6(k+1)RC +37T .



For the central moments, this gives

o) = my () = mi() = kR R - 2T)

1‘1&3(1') = m3(i‘) -3 m](f) . m2(i') +2 m](t)
2 S —2

= kR* @ "R°-6+RT +3+TY

This result for the multiple intervals confirms that the central moments up to

third order are additive for convolutions, as we would have expected
(cf.e.g. [7]: p. 88).

A comparison with the corresponding interval distribution for a non-extended

dead time is quite instructive. For an original Poisson process with rate ¢ ,

the single interval distribution is known to be L4] a simple shifted exponential

|

Ef(t) = UE=T) P pl-T) (34)

The respective results for some moments and combinations of them for the
two types of dead times are collected in table 2,

type of m, §~L2 -{43 . ‘LLZ/m? paé/ué
d ! o —
eada time C
non-extended —;—}+ C ]_/ 92 2/ ?3 (1+ PﬂC)uz 4
' - 2 =22
— - L
extended R R(R-2T) R(ZRzméR'C +3 (/2) 1 - 20 J(2R7-6R L +3 U7)
R R(R-27T)°

Table 2 - Comparison of some characteristic data of the interval distributions,

with R = —&— exp (P T)

~ It is interesting to note that although the first three moments given above are
all larger in the extended than in the non-extended case, the opposite is true

for the relative variance U/ /m2 and for the skewness u,z/qu. By elementary,

but sometimes lengthy series expansions, the following resulis for rhe differences
may be derived

et Do = X /2

(), - () =C/Ep? |

(Wadext .= '(5"’-3)'non = 3“3) | L o 85}
(1 /m§> ext = (Fg/M)gn = =

(K / 2 Jext ™ ('L/L?:/{/(/Z)non’g e’

where only the first non~ vamshmg term in a series expansion for the dimensionless
quantity x= £T is given. . Ty
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~In particular, of course, the expressions for m,(t) also lead us to the well-known

correction formulae for the count rates. Since = the output count rate r is
given by

ro= l/m] ,
we obtain

- for g non-extended dead time T

= 1 — g) | 24
‘fnon ~ 1/p * T  THpT ’ (34)

- for an extended dead time T

ro= 1R = p-e'gt. (37)

ext

APPENDIX

1. Coefficients for an expanded multinomial

We consider the polynomial (k =0, 1, 2, ...)

P(x) = (1 +c]x+02x2+... -¥-<;1i><i+...)k

I+ A x4 AP+ s oA+
i 2 h

(A1)

The problem now consists of determining the coefficients An of the resulting

power series in x. In the reference manuals we have readily at hand here,
no general expression of the form

\An = f(c], Cor weer @ j k)
could be found, relating the new with the old coefficients a, , which are
supposed to be known. l

Since the problem is seemingly of an elementary nature and may easily turn up
again in other circumstances, we decided to determine explicit expressions
for the first few coefficients An

For this purpose, let us compare (Al) with the general multinomial

)

G o= ty,ty, bl F
(v, * v+, Ym

= i: ( oy,
(]"i) r]rv.l s l’m i—_-o |
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where the sum has to be extended over all combinations (r.) for which the
condition I

i

.
o

is satisfied and where the multinomial coefficients are given by

P(x) = >: (r rk ) - 7\[0] TIPS i . | (A3) |
(ri) RIEEE

The coefficients in (A1) are obtained by collecting all combinations of r,
(subject to the condition —Z ri = k) which lead to the same power of x.

The exponent of x is given by z ;rl as can be seen from (A3).

This leads us to consider the combinations enumerated in table Al.



30,
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. ! k
E I-ri ' 1 Tp fg Ty s | (ror] )
' 1

0 k 1

1 k=1 1 k

2 k=2 2 90 k(k=1)/2
k=1 0 ] k

3 k-3 3 0 0 k(k=1)(k=2)/6
k=2 1 1 0 k(k=1)
k=1 0 0 1] k

4 k-4 4 0 0 O k(k=1) (k=2) (k-3)/24
k=3 2 ! 0 0 k(k=1) (k=2)/2
k-2 1 0 ] 0 k(k=1)
k=2 0 2 0 0 k(k=1)/2
k= 0 0 0 ] k

5 =5 5 0 0 0 ¢ kik=1) (k=2) (k-3) (k-4)/120
k-4 3 1 0 0 O kik=1) (k=2) (k-3)/6
k-3 2 0 1 0 0 k(k=1) (k=2)/2
k-3 1 2 0 0 O k{lk=1) (k=2)/2
k=2 1 G © 1 @ k(k=T1)
k=2 0 1 1 0 0 k(ic--1)
k=1 O 0 0 ¢ [ k

Table AT = Possible combinations of r. which result in the same power of x
in (A3), together with the'corresponding multinomial coefficients

By means of table A1 and equation (A3), the coefficients An are now easily
found by the sum

A= ) TTL | (A4)

where } i *r.=n isconstani.
. I
|

The result for the first five coefficients is therefore

1 17
/1\2 = (g)’a?"_k-a 7
Ay = (576 +2(5) a0, +kea (A5)
3 3 ] 2 172 3 \
kA k2 k, k2. 4
/—\4_ = (4) a; +3(3) aja, +2(2) aya, +(2) a, + k ay s
Ik 5 k 3 o k 2 k 2
/\5 (5) a; +4(4) ayda, +3(3)-a103 +3(3) aja,

+.'2(2’)'c1]cs4 +2(,,)‘c3203 + k‘d5

A simple law for the formation of the coefficient: does not appear vet and is in fact
not very likely to exist at «il. ’
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2. On the position of the maximum density

For multiple intervals (k > 2), the question may arise of determining the
vosition of the maximum value for fk(f), Unfortunately, the answer is not
quite straightforward.

Cur main aim is to show in this section that the maximum can never appear
~
4

before the third time interval of width T after the end of the dead time.

In other words, the maximum can only occur for t in the range
(kt2) T ¢ t £ (k+3)T , or later.

Let us consider the first interval after the dead time. The -corresponding
density fk(’r) for the k=fold interval has been given in (27). For determining

the maximum, we consider its derivative

k -
! _ P k-2 = <k PT
Fk(f) LBV (t =kT) e .
Whereas for k=2 we have F;( = P2 « exp(=2 pT) , which is always positive,

the case k> 2 yields for F;((i*) =0 the condition t = k { . But this is the

(A6)

beginning of the interval in question where f starts fiom zero. Therefore,
no maximum can possibly exist in this range.

For the second interval, the density (26) is given by

k=1 — (t-
ok =kT)T wkeT kel VUL ,
AW =P Ty e o f Tk

This leads to the derivative

Reg¥

OIS U;_)_—;)-! - e"’k??{(fnkt)k”‘z S P e 2—k+1]t-)"""" : e‘“WE& (A
with (k+1)T <+ L (k+2)T .
For an extremum, the curly bracket must vanish. By putting

71 =x and |

p(t- (k+1]f> =y
where now 5<y§ X
we obtain the condition for an extremum in the form

v + X)ka _ _k__l;T . yk-=-] CeTX (A8)
or hiy) = & (1 +;“—,)k“2 = Eé—l— ¢~

We remark that h(y) is a monotonically decreasing function of y. f we can
prove that h(y) always exceeds the constant (k/k-1) exp(-x), it is evident
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that the equation (A8) has no solution. Indeed, for y=x we obtain

] k=2 k =X
h(X) - ; 2 k“] € 14
[ . SR SRS for k 33 2
or e = ‘k-:T -'E':z—é X 7 or )/

o o . o X ~ Lo e
But this is not possible, since e” > 2x for any value of x. From this it follows
that, even in the second interval after the dead time, there can never be
a maximum for the interval density Fk(t) .

For the following intervals, the general analysis becomes much more involved.
Therefore, we shall have to confine ourselves to some simple and rather
incomplete results, although it is just in these regions that the maxima are
vactually located.

For the third interval, i.e. in the range (k+2) T+ £ (k+3) T , the density
for a k=fold interval is given according to (26) by

ok
- kel | (1= [m't)
_ ook L (kT akeT kT i o =kt P
‘fk t = 9 B s PR - P k i e
21 7)kt]
. k2, k(k+1) (- ]:k+ . =(k+2)pT
' 2 (k+1) ¢ ” !
which yields for the derivative |
s k . .
I o =kpT A yk=2 P T k=1 =9T
A = E Qg e A e [ K A
.2 "\\
20D [l 2k - 28, (g

J
T 1
With the abbreviation ¢ (t- Lk+2! T) =y and by putting fk(f) =9, we arrive

after some rearrangements at the following condition for the position of the
extrema (for k > 2)

k . k-1, - k-2 k+]1 k . =2x Con
T (y+x) e ™ - (y+2x) = gy Y e . (A9)

Since for the interval considered, y is again bound by 0 {y { x ,
a simple way of getting some insight into the solution may be to aetermme
the values x for the limits y=0 and y=x.

For y =0 we are led to

Elf_—] . xkﬁ] st - (Zx)k‘—2 =0,

or x e = Eii . 2k..2 ; (A10)

but this question has no solution for k > 2



is

For y = x we obtain finally

_ e _ 7
(x - ¢ %) =E§-Ti!<‘2k]'x'ex-—(k—-l)'?zkz‘l . (A11)
{

. o o ~X 0
For the special case k=2 , this leads with z =x * ¢ ” to the equation

22 =§‘(4z~=1)-.

Whereas the solution 2.387 does not correspond to any value of x and has
therefore to be rejected, the value z =0.,2792 ailows for the two solutions

x = 0.429 and 1.937, respectively. These two values indicate the limits

for ¢'T fto ensure that the maximum of f, (t) occurs in the range 4T <+ &£ 5T .
‘This is the case for our experiment (fig. 4) where ytg 0.8
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