Time scale algorithm
~ basics to applications ~

* Lecture *

Yuko Hanado ( Retired NICT, Japan)

Bureau

International des ~ CCTF Technical Exchange: “Time scale algorithms "
‘ T Poids et June 25, 2025

{ Mesures



CCTF Technical Exchange:

Purpose of this tutorial i seElt ooy
B Understand the outline of
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what the averaged atomic timescale “TA" is,
what its characteristics are,

how to calculate it,

how to use it.

X "“TA" . averaged atomic timescale
Making TA is averaging many clocks to
construct one virtual clock.
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B How can we measure the flow of time?

e Measure the time by counting regularly repeating phenomena.

° Tpis repeating cycle becomes a "scale of the ruler" to measure the length
of time.

e Clock oscillations = Ruler for time

PP
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B A frequency-stable oscillator is the basis of a clock.

e Previously: Earth's rotation » e Current SI second definition:

_____________________________________________________________________________________________________

1 day = 1 rotation

_ e Radio wave |
1day/24/60/60 = 1sec Two energy : corresponding to the
levels : v energy difference

 Observation progress has
revealed that the length of a
day is not constant
(fluctuates on the order of

iecon® : MWWV
https.//www.iers.org/IERS/EN/Science/EarthRotation/ ! "* 1 second
. LODplot.html?nn=12932 RN

S e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e =

-

N e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

Bureau
‘ International des

TPoidsef 6 B

{ Mesures




CCTF Technical Exchange:

1.1 Why dO we Mma ke TA ? “Time scale algorithms"

June 25, 2025.

B Is one "high accuracy Cs atomic clock” enough? NO!

e This is because any atomic clock has individual fluctuation and a limited
lifetime. This is the destiny of any device.

[ Sutpatsignal | % Cs atomic clock (Example)

4
-’lh-l Frequency [i

’_‘ Synt esizer}-:-_-,-.a '\‘

« Atomic clocks are precision devices containing
an atomic sample, an oscillator to excite the

'K atomic resonance, and electronic control
e servo I circuits.
Oscillator -

= Mechanism
S

[} X
1SF
F: == - :H '

;"

* Instability and offsets in the output frequency
are caused by environmental perturbations
(pressure, temperature, vibration, etc.)

« The time of this clock will stop as the device
Bureau ends its lifetime.
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B Averaged atomic time “TA"” is one solution for stable continuous time.

e Averaging many clocks to construct one virtual clock is a possible solution
to the instrumental difference and the finite life of each clock.

e Strong points of 7A:

» The effect of a degrading clock  « The time scale does not stop if at

* Individual deviations 31 pe removed by replacing it least one clock is alive.
are smoothed out. with a good one.
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1.1 Why do we make 74 ?
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B Consideration points for using 74 properly and effectively.

Initial synchronization &
frequency steering

- Calibration usingan
external reference time is
required for accuracy.

* Clock average is stable and
robust, but accuracy is not
guaranteed.
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Anomaly
detection

& Exclusion

* |f clock anomalies are not
detected and treated
properly, the averaged
result will degrade.

Smooth but
drifting

002 300
‘v s’: T__X&@Qo_( ______ )_% ______

How to use?

* The proper algorithm should

be applied to achieve the
desired outcome.

— By addressing these points, we can obtain a

high-performance TA.

'
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B Additional notes for making 74

® 7A as the basis for UTC/UTC(k):
 Proper algorithm depends on the properties of the targeted time scale.
- UTC - long-term stability and reliability = updating monthly
- UTC(k) - usefulness in daily life — updating closer to real-time

® The aims of 74 is to achieve high-frequency stability. = The accuracy is not

+ Usually, long-term stability is required. the primary concern.
* There are several variances (Allan variance etc.) used as performance indicator.

® Enhancing robustness is also important.

 The point is how it can maintain quality even in various unexpected conditions.
(including clocks entry and exit, unpredictable anomalies,,,)
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2.1 TA by basic averaging : Principle
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B Averaged atomic Time: Constructing a virtual clock by averaging.

Bureau

Preconditions:

Each atomic clock generates almost stable

output signals.
(e.g. Pulse-per-second (PPS) + 10MHz sine wave, etc.)

However, the clock’s frequencies are not exactly
the same. They show fluctuation.

There is a stable and reliable clock (%) which can
be used as reference time.

The time (phase) differences (X) of all clocks vs
this reference clock can be measured
simultaneously.
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LV Specifically, what should we do?

Time

Difference
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2.1 TA by basic averaging : Principle
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[1] Averaging the random fluctuations of each clock leads to a stable virtual clock.

___________________________________________________________________________________________________
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Basic idea

e Averaging the fluctuating time
deviation of each clock can make
a smooth and stable time scale.

i

me deviation

= Target of

averaging
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2.1 TA by basic averaging : Principle
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[1] Averaging the random fluctuations of each clock leads to a stable virtual clock.

___________________________________________________________________________________________________
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i

me deviation

= Target of

averaging

e Reference clock should be as stable as
possible!

= UTC(k) or the most stable clock is used.
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2.1 TA by basic averaging : Formulation
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[2] Introduce conceptual values for getting algorlthm equations.

® i |1 | I I ///. h \\\
H— 4 ;o \
L L L 2N Y
B | ; ' I
@-H—+—+H A
® i ! ! /\, ' Time deviation
i Y
= Target of
idiald( V"\V"W\V"\l averaging
clock /deal time

t; & 3ty ts G

________________________________________________________________________________________________

e Introduce the concept of ideal time as
the perfectly accurate reference time,
and h; time difference from the ideal time.

Xg : Time difference of > h.

it Time difference of
[Clock-i - Ref. clock] [Clock-i - ideal time]
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2.1 TA by basic averaging : Formulation

B Formulation of T4 by basic averaging (named “TAb")

Eq. (1)

Eq. (2)

TAB(E) = ZW, B(®)  Here zw,_l

TAb(t) : average atomic time
h;(t) : time(phase) difference of Clock i
from the ideal time

w; : weight of Clock i

e Proper weighting of the atomic clocks

makes the 74 smoother than each

individual clock.
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2.1 TA by basic averaging : Notes "Time scale algorithrms’

B T7A4b is enough for practical use? Consideration points!

e Discontinuity tends to occur at a change of ensemble clocks
- When the composition of clock ensemble changes, T4b tends to show a gap. (See p.33.)

® TAb needs a usable stable reference time for actual calculation

- For the calculation, a usable reference time is required instead of the conceptual ideal
time. =» If there is no stable reference time available, T4b cannot be stable.

\

B “T7TA with prediction” provides a solution!

e It can suppress a negative effect when the ensemble clocks change.
e It can maintain stability by itself without external reference time.
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B What is 74 with prediction?

Predicted Clock
clock time

e [t is the weighted average of the residuals,
which are the differences between the

. A ! (Difference ¢,
/--Q 1 | of prediction
.1 \land actual

predicted and actual phases of atomic clocks. Y P e
R o i __J Accumulation
Basic idea - of &
 The purpose of T4 is to smooth out the fime
random fluctuations of clocks. 777
» If so, it should also be effective to average 1P T T U T
. A S ST A N e RALT S R
un-modeled errors after removing the N S O R A A R O
predictable offset. [ €2 Tredenad T e,
T;4I -; ..— .--I‘_'_'_"... ‘ Q= ..' ‘ T
X The time scale "EAL”, the base of TAL is a £ b et e
kind of the TA with prediction. g, T RO
Bureau :\ I
‘ Interndqtiona| des T
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B Formulation of the 74 with prediction (named “TAp”)

Time

difference
TAp(@) = ) wilty) - (it~ %(e0} | [Ea. () | B
i
Clock-i
W;: Weight of Clock-i z wit;)) =1 |Eq.(4) | Predictim%
i
h;: Time difference of Clock-i vs ideal time X;(to) < >h )
'“ it
X; . Time difference of Clock-i vs TAp >hi(t°)
x;(t) = h;(t) — TA;%(t) Eqg. (5)
. o (NOT ideal time | — Mo
X; . Prediction of x; TAp(ty)
xX;(ty) = x;(to) + yi(to) - (t1 — to) | E- (6) . . i deal
Bureau tO t1 time
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2.2 TA with prediction : Formulation

B Confirm the meaning of Eq. (3)

e TAp(t)is the accumulation of &(t).
E; . Difference between predicted and real

/This relation follows the figure to the right:

TAp(t—y) + x;(t;) =

hy(t) + &(ti) --->[TAp<tk_1> — 5(t) = hi(t) —%(t) |

Equation (3) : v

TAp(t,) =

______________________________

= TAP(tk—1) Yiwi(t ()
= TAP(fk—z) YiWi(ty—1) &(tg—g) — X wi(t) £(t)

TR = TRt - > witpat)

j=1k i
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Time

difference
| i
Clock-i
Predictim%

Hhu(ty)

___________________________ A

TAp(tO) j

~ |ldeal



2.2 TA with prediction : Merits

B Merits of T4 with prediction

e Continuity

« Even if the composition of the clock ensemble changes,
the impact is smaller than that of TA4b.

=» Continuity of the time scale can be maintained.

® No need of external reference time

« As TAp refers to its own past values, no external
reference time is required for the TA calculation
(except at the starting of the calculation).

* If accuracy is required, TA requires calibration
with an external reference.

Let’s see the details of the calculation!
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Clock-1

o 109

. If Clock-1 exits the ensemble after

t,, a large gap will occur in TAb due
to the offset &,.

TAb(ty) = z w;(t1) - hi(ty)

- In the case of TAp, however, the

effect can be smaller because the
residual &; is smaller than h,.

Tap(t) = ) wity) - (hu(t) — %i(t0)

. 22 =



2.2 TA with prediction : Calculation

B How can we calculate T4p ?

TAp(t) = ) wity)- (hi(ty) — it} [Ea. )

® In this expression,

the numerical value of TAp(t) cannot be
obtained because the value of h;(t) is unknown.

TAp = 123.456... Since the Ideal time
Impossible Is conceptual, h;(t)
expression ! cannot be obtained

as a numerical value.

e What should we do to calculate T4p?
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Time
difference
Clock-i
Predictim%
Hhu(ty)
___________________________ N
TAp(tO) j
> I
to tr tima



2.2 TA with prediction : Calculation

B Let's introduce the measurement value, and
transform the equation as calculable form!

1. X(t) is actually measured time difference
between two clocks.

Xis(t) = hi(t) — hs(t) [Eq. (8)

2. By using Eq.(8) and the x;(t) defined as Eq.(5),
Eq.(3) is modified to become Eq. (9).

x;(t) = h;(t) —TAp(t) | Eq.(5)
xs(8) = ) wi(®) - (%i() — Xis(0)} [E0. )
{Eq- (3)> TAp(®)=ho(e) = 5, wi(e) - (hi(©)(= (D) — £:(D)) )

> [hs(®) =TAp(t) = Xy wi(t) - {£:(t) — Xis(©)s} > Eq.(9)
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Clock-i

Clock-S
s(tl)\k o Xg (tl)

. {. .......................... 58 (e

> |deal
to , time
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B How can we get TAp? =» “x;" represents TAp.

x;(t) = hy(t) — TAp () [ Ea. (5) £4.(9) 14 described
In Appendix-1.
xs(8) = ) wi(®) - (Fa(8) — Xis(©)} [ £a. ) ook
i @ JON
® TAp can be defined as “the time shifted by x; from Xilto) \:/
the time of Clock-i ". x _
® x;(t) can be obtaind from the measurement values Clock=3 x.(t;)
and calculable values. sV
e The algorithm of TAp is the procedure that TAp(t) {. b/TAp(tﬂ
computes the time series of x(t). L5 eal
Bureau tO t1 time
International des
‘ T Poids et | H
+ Mesures 25
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B Practical way to calculate x

Predicted rate y; :
l See p.28-29.
Xi(tx) = Xi(tg—-1) + ¥i(tx-1) - (L — tx-1)| Eq. (10)
| 1 Clock-i
xs(t) = ) Wit {&i(t) ~ Xis(t)} [0
\, L x[(t(})\ ~a
Xi(tk) = Xs(tx) + Xis(ty) Fg. (11) x N
| ~ Clock-S
:Measured :Predicted :Output _Xs(t)
:Calculated from previous x;
. . . . . TAp(t
e lterative calculation provides a time series of x;(¢t;). TAp(t) {. \ |§( |1)
- ea
Bureau tO t1 time
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values, so substitution is required.

« UTC(k) for example is used as the
initial reference instead of TAp.

T — o
i TAp | )
H Dlag ram of calculation E Clock;,—TAp Xﬁ—'_l_l |
the process — Clock, A 1. | ;
erative | j !
calculation of x; (I:al ) %} x1(t) x1(t2) x1(t3) i
Hock; (V4,2 || X (t X, (t i
* At the beginning, no past TAp or x 2(t1) 2(tz) 2(ts)

/ \

Start making TA

;

M _____________________ el g o Xao(ts) )
{,,(*:l - 3 (%'lock ‘ Xy (t1) qu(tz) XZO.(tg) i
ECI yi w; i a - . i
; S a |
iClo W ot dsta of i i Clock;-Clock, i E
B = | 4| RN A BV \t; | /

________________

______

_________

‘ i e Clock,—UTC(K) | emeeeeeees

Poids et
T * OMIESSSI'GS 27 .
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2.2 TA with prediction : Important parameters "Time scale algorithms'

B y; (predicted clock rate) and w; (weight)

N

Xi (tk) — Xj (tk _ Trate)

=) TAp itself becomes the reference. §:(ty) =
. ik T |
e rae |Eq-(12)

Predicted clock rate p; is estimated at

e Proper calculation of de-trending and weighting the latest interval T, .
depends on the situation.
(Properties of clocks, priorities in the design of T4p...) | weight

e Predicted clock rate y; and weight w; are Predicted clock rate
calculated from the past x; values.

_________________________________________________________

w;(t) «< stability evaluated
from past x; values

1

* Variation of de-trending = p.29 ,
* Optimizing of weighting = p.30
z w;(t) =
T
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¢ Variation of de-trending

e The optimal way to detrend depends on the clock’s behavior.

x;i(ty) = x;(ty_1) + detrend term

gf g' ................
wf —

A gt y T

o VAR AR . f.i‘..:".,'":":.\':l“ 1 f.t ,,,,,,,,,,,,,,,,
Cs clocks (B) 8| W = 8 ) Linear fi B Pmiiinion b

LL.. .'t = ._t ‘_/ |

i 4 L 4 ,:. Q d t.
o NN uadratic

H-maser (C) & = g M i

T ot = ot <_/ fit
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% Optimizing of weighting

e Which variance is chosen? e Maximum limit for w;(t)
1 * classical variance, « Setting a maximum limit can
wi(t) s Allan variance, prevent too much concentration
* predicted error?,, on particular clocks.

e Proper weighting depends on purpose and clock’s behavior.

Clock-1 Clock 2 Clock-1
Clock-2
* For Short-term w1<t) > wy(t) VWAV

e For long-term  wy(¢) < wy(t) s wi(t) > wy(t) i e wyi(t) < wy(D)
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B y; (predicted clock rate) and w; (weight)

Predicted clock rate

N

- . xi(tk) — Xi (tk o Trate) .

- Yi(ty) = T ;

. . !\ rate Eq (12),,:

e In this way, the best setting of the parameters e =

is not unique and will vary depending on the Pgeoll'ded clock ot Yils estimated at
situation. the latest Interval T, ..

* Let's jcr?/ out various cases using the weight
tutorial Python program! T

w;(t) «< stability evaluated
from past x; values

zwi(t) =1
3
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2.2 TA with prediction : Evaluation “Time scale algorithms"
B We know that we can indirectly obtain TAp through x;... But,
How can we evaluate TAp itself ?
UTC(k) (&) — hy(t)
e For this purpose, the time difference against UTC(k)(tk)é/
an external reference time, such as UTC(k), is Clock-i
usually used. /_?//‘
UTC(k)(ty) — TAp(ty)
= [UTC(k)(ty) — hy(t)] + [hy(tx) —TAp(t,)] |Ea.(13) |
xl(tk)<
N T > it
Given by Calculated x;
measurement
UTC(k) -TAp becomes calculable by dividing TAp(t) <\D
it into these two terms. t, > {Frﬁgl
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s Fig.1l: TAb
-~
. 551 (3 I b
¢ Examples of ] (@) o ez (b)
TAb-UTC(k) vs. TAp-UTC(k) 2 5| | ookt 4| ctookr | =
E’ 4.0 - : :%
* Fig.1is TAb and Fig.2 is TAp. £ 35 TAb | | 3 te-i3
« Both TAs were the average of Clock-1, Clock- £ 35 e S [Clockz
5, and Clock-7 with fixed equal Welghts £ 25 L S e
. = Te-14+
(a) is the time difference vs UTC(k), and (b) is 201 Clack-5 _. :
the Allan deviation of (a). 57000 57250 57500 57750 58000 58250 58500 135mHA{:Oﬁgg:DOf(Tdrc))7
* In TAp, each clock rate was daily calculated Measurement time (MJD) : VEreging Time BEe
fromlt)he latest 30 days. g e B Fig.2 : TAp
@ i (b)
e In Fig.2, there is no apparent jJump in 9 Cloch1 1] ! rerta ma
1 ockH7
TAp when Clock-1 data are missing. 0 40- . c
E : | H Clock-5
e Allan deviation of T4p shows better g > e § rete) Clock=T
stability than each clock. (The stability of & 2°] Clock-511 2 s
TAb has degraded by the jump when Clock-3is 7 10 B TAp
missing. ) £ TAp || 1 te-ts
0.0 _% Al ADBMSs are calculated within the MjDs of TA;
Bureau 57000 57250 57500 57750 58000 58250 58500 105 106 107
Measurement time (MJD) Averaging time (sec)
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B The reference time for the calculation is TAp itself.
e This is reasonable because we consider the most stable time scale to be TAp.

e However, it also suggests a risk of self-divergence within the process.

B 7A4p cannot be obtained in real time.
e The time we can obtain TAp(t, ) should always be later than ¢, .

B There is a hidden assumption in the calculation.

e The assumption is that --- Current clock status can be roughly predicted based on
its past behavior, and that the fluctuations after excluding this predicted trend can
be smoothed out by averaging.

e There is no guarantee that T4 will be stable when this assumption does not hold.

B Initial phase & frequency offset of 74 compared to the reference:
e Since the initial offsets do not affect the stability, they can be set arbitrarily.
s, ® They are also preserved throughout the calculation.
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3. Realization of T4 and its application
3.1 How to implement 7A4 for practical use
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3.1 How to implement T4 for practical use "Time scale algorithms'

B Actual clocks used in daily lives usually need an external reference time.
_ @ Actual clocks in daily life tend to drift, so adjustments to an
., Atomic external reference time are necessary.

clock
~ e This reference time can be obtained using the UTC time code
(e from satellites or a stable atomic clock. 74 is also an option.

B 74 must be realized for its practical use.

® 74 has many advantages (robustness,
long-term stability) and shows potential

as the reference time.

TA

®4 @% e TA itself is numerical data, however, so
physically realization of T4 is required

for practical use.
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B Outline of TA realization:;

e Prepare a micro-phase stepper (MPS) which shifts the external input phase/frequency,
and connect this MPS to Clock-A (€ component of the TA calculation).

e Clock-A has the time offset x, vs TA. This value is provided in the T4 calculation.
e If MPS compensates for this offset x,, T4 is realized as the output signal of MPS.

- e e e e e e e e e e e e e e e e e e e e

S Nt ol ~ Various
emmee el . Services

...............
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3.1 How to implement T4 for practical use

B Principle:

Bureau

TA ' Micro- Qhase stepper (MPS)
Ch —i—» >
! “ h ! —xa NN |
3 Clock-{\l a TA=h, —x,
X T

Fig.1is a principle.
The adjustment is done at t,,
and MPS only compensates lag in adjustments, and

for the offset x,(t,). 2. moderate adjustments
* are better for stability.

Not realistic, because
1. There is usually a time

Fig.2 is an actual process.

MPS aims to synchronize at t, . For that, MPS
compensates not only x, but also the time shift due
to the rate of Clock-A vs TA.

International des
T Poids et

4 Mesures
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Fig. 1 A
Clock-A o —X,( tl)
&
MPS
‘} TA(t]) = hy(t) —xa(ty)
Ly t ] )
Fig. 2 A
5. _Time shift
v due to the rate
= & of Clock-A vs TA
Clock-A : v —Xg(t
% /k/ ,\.4PS a(ty)
MPS - - - 5
TA(Q){E
Ly l t, )
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B Steering of MPS

e The first given frequency : Ay(t;) Such a frequency adjustment
___________________ to trace TA is called “Steering".
-89t _ *a(ty)
Ay(ty) = — <t2 — t1 ) Eq. (14a)
e S
A0t =30+ 7u() - (l2 1)

Compensate for Compensate for
time difference frequency difference

x ={x,(t) —x,(t -D}/T

2% Proper prediction of the time difference
at a future time ¢, is so important.
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3.1 How to implement T4 for practical use

B Continuous steering of MPS

e After the first adjustment, TA is realized
as the output of MPS.

e The target of the next steering at ¢, is to
synchronize MPS with T4 at ¢,.
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Clock-A

J QE— \ﬂ&’ <
i N
Xups(t2) .. P §
TA(t,)
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3.1 How to implement T4 for practical use "Time scale algorithms'

B Continuous steering of MPS

e Three cases with different adjustment at ¢, :

(1) The case with no adjustments

(2) The case with only an adjustment for
the shift due to the rate of clock-A

Clock-A

L (t3 - tZ)

(3) The desired case: <
] N (3) /_xMPS(tZ)
—Ad(ty) Xmps(tz) Xups(t2) .. TS,
AY(t2)=t_t =G T
3 — 1 3 — 1 TA(t,)
Ap(tz) = xyps(tz) + (L3 —t) i?’,%‘é’
Xups(tz) = xq(tz2) — Xqmps(t2) Ly i 5 l

, , »¢ Generalization are in Appendix-2.
% Confirm the adjustment method of the MPS!
- If adjustment frequency is added to the external reference frequency of MPS, Ay(t;,) should be given.

Bureau . |f adjustment frequency is added to the current frequency of MPS, Ay(t)- Ay(t,—1) should be given.

, f
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B Application: The case that Clock-A is not included in the T4 calculation

e If clock-A can be reqgularly compared with a clock in the 74 ensemble,
MPS can output the realized TA.

- The steering equations (Eq.14) can be easily

modified using the following relation. (%%9
) ®< @*

xa(tk) — xs(tk) — Xsa (tk) Clock'-S

S

- In order to compare clock-A with the T4
component clocks correctly, simultaneous
measurement of all clocks is required.

Nice - If a clock with high short-term stability (e.g. H-maser) is used
application as clock-A, the output of MPS can achieve both the short-term
stability of clock-A and the long-term stability of TA.
Bureau
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B Notes for the Steering:

e Steering is recommended to be applied to MPS, not directly to the clock.

* |f the adjustment is applied to clock-A directly, the prediction of the true rate of
clock-A becomes difficult.

e Steering is also a kind of disturbance.

 Stronger adjustments can lead to faster synchronization, but they also cause
larger frequency noise.
* Proper steering should be adopted depending on the purpose and situation.

e Simple method is enough in some cases.

« Quadratic fitting is typically appropriate if an H-maser is used as clock-A. However,
a simple linear fitting is enough if we adopt a short-term prediction interval.
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3. Realization of T4 and its application

3.2 Application ~ Multiplexing of T4 operations
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B Concept of multiplexing 74 generation

® TA calculation requires the comparison data between clocks. Basically, the clocks
installed in the same place are used for this comparison.

® However, clocks located at a distant station can also join the TA calculation, if such a
mutual comparison is feasible.

® This condition is the same for any station, that is, every station can calculate 74 if
mutual clock comparison data can be shared each other.

---------------

Multiplexing ' TA @

. : TA generation

Clock Clock

comparison *®®* comparison ,v-@-q\
JU—— A ‘ s ¥.... : ;‘...i ....................... :
TA i TA : TA TA :
: o T N ; SO S ol el i

BUI’GGU ----------------------------------
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3.2 Application ~ Multiplexing of T4 operation me scie sgorithms:

B Operation process :

1. Each station compares its clock with other clocks
inside and outside.

2. All stations share the common clock data by
exchanging the comparison data with each other.

3. Each station independently calculates T4 using
all the clock data.

4. All TAs are expected to be of a similar quality.
They are reqularly compared to each other for
monitoring purpose.

»¢ Each T4 is not exactly the same because the comparison
data with remote clocks includes transfer noise.
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X Three remote stations linked

--------------

------------

comparison :
o> 5
.............. Koo

with satellites or optical fiber.

....................
Od %

§TA@
Clock @ A

* .
.....................
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3.2 Application ~ Multiplexing of T4 operation me scie sgorithms:

B Merit-1: Redundancy for T4 generation

X Let station-A be the usual master station.

* Even if the clock data at station-A cannot be

-------------------
3

obtained, T4 at station-A can still be calculated Clock
using the clock data at station-B and C. compari>on
* If station-A stops working and cannot calculate T4, e e,
station-B or C can assume the role of the master ®< C‘?% X
sration 1A 70 o
« Even in such an emergency, seamless switching of B A C?%
the master station is possible if all the necessary S~ -t
data has been shared in advance. C

Multiplexing of TA generation is

Bureau robust to physical accidents!
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3.2 Application ~ Multiplexing of T4 operation me scie sgorithms:

B Merit-2 : Enhancement of accessibility

* |f a TA realization system is also installed at this
remote station, it will have the ability to provide
TA on its own.

* This indicates that even a station with few
clocks can provide T4 if its realization system is
connected to a clock included in T4 calculation.

* Expanding the TA4 providing station in this way
enhances operational robustness and user
accessibility.

»% Getting time from a distant station may be
affected by delays in the transmission line. Such
delays must be calibrated and compensated for,

Bureau If necessary.
International des
T Poids et
4 Mesures
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1. Introduction
11 Why do we make TA?

2. Calculation of T4
2.1 TA by basic averaging
2.2 TA with prediction

3. Realization of T4 and its application
3.1 How to implement 74 for practical use
3.2 Application ~ Multiplexing of T4 operation

4. Summary and related information
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B 74 is a time scale of a virtual clock by averaging many atomic clocks.
« TA gives a solution to instrumental weakness and finite life of physical clock.

B 74 aims frequency stability and continuity.
« The accuracy is not the primary concern.

B Take the consideration points into account for proper and effective use.

 E.g. Calibration for accuracy if needed, anomaly detection, proper algorithm.

 Especially, clock anomaly detection in advance is so important to obtain the original
quality of TA.
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e

B The basic principle of T4 is that “Averaging the fluctuating time deviation
of each clock makes a smooth and stable time scale.”

\ £

B First, the most basic form “TA by basic averaging (TAb)” was considered.
« While TAb is useful for understanding the concept of T4, it is not enough for actual use.

\ ¢

B For a more advanced and practical approach, “TA with prediction (TAp)”
was introduced.

« TAp provides a robust, continuous, and highly stable atomic time scale.
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B “TA with prediction (TAp)" is defined as follows:
TAP(t) = ) wilty) - {h(ty) — %i(2p), [Fa-0)

n

It means that “TAp is the accumulation of prediction-errors of clocks”.

B As Eq.3 is not calculable due to the conceptual parameters, TAp is
obtained via the parameter "x;".

x;(t) = h;(t) — TAp(t) | Eq.(5)

 x;Is the time difference between each clock and TAp.
« TAp can be defined as “the time shifted by x; from the time of Clock_i".
* The practical TAp algorithm is the procedure for computing the time series of x;.
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Summary of Section 2 (3) “Time scale aigorihis

B The calculation of time series of x; is iterative.

(Xi(ty) = xi(tr—1) + Vi(tr—1) - (& — tr—1) [ Eq. (10)
- x() = ) Wit {Ri(t) ~ Xis(t)}  [Ea.0)
X (tr) = x5 () + Xis(tr) Eq. (11)

« These equations consist of measurable values and calculable values from previous
calculation.

« The equations show that TAp refers to its own past values.

At the start of the calculation only, an external reference time (for example UTC(k)) is
required instead of the past TAp.
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Summary of Section 2 (4) "ime scale algorthms’

B Appropriate parameters depend on the target or situation of the
calculation.

 Clock rate estimation and weighting should be optimized according to the condition of
the clocks.

B 74 algorithm is not unique and includes the possibility of modification.

* The example used in this lecture is just a basic one. There are variations in the actually
used algorithms.

B Please understand the principle well, and find the best way of calculation.
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e

B Principle of 74 realization:

- The numerical T4 is realized as the output of a micro-phase stepper (MPS) driven by a
frequency from Clock-A that is included or linked with TA calculation.

- MPS is continuously adjusted (="steering”) to compensate for the time difference
between Clock-A and TA, so that the MPS output signal will trace TA.

- This adjustment parameter includes both frequency and phase offset components.
- This adjustment cannot be made in real-time, so the process includes a prediction.

B Multiplexing T4 operation:

- By sharing the clock comparison data, remote stations can generate 74 with almost
the same quality in parallel.

- This system improves both the robustness of T4 generation and the accessibility for
users.
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B Let's try a simulation using the tutorial Python tools.

e "TAgen basic.py’: for TAb by basic averaging

- This is good for the first item to learn the principle of how to calculate T4 and the role of parameters.

e "TAgen pred.py" : for TAp with daily prediction & fixed weights
- To learn step by step the process of “TA with prediction”, this program adopts fixed weighting.

- You can investigate how the T4 changes by various combinations of clocks, parameters for the prediction,
and the initial weights for each clock.

e "“TAgen auto.py” : for TAp with daily prediction & dynamical weighting
- This program is almost the same as “TAgen_pred.py’, except that it adopts a dynamical weighting o1/ (7).

- In “TAgen_pred.py” the weights are fixed, so that automatic optimization function, a big merit of 74, is not
enough. “TAgen_auto.py” optimizes TA by dynamical weighting according to the clock stability renewed at
every calculation.

- This TA is very practical and you can find several important attention points here.

Bureau X Detailed explanations are denoted in user manuals. [Ref4-5]
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[1] Audoin C and Guinot B 2001 The Measurement of Time (Cambridge: Cambridge
University Press)

Thomas C Wolf P and Tavella P 1994 Time Scales BIPM Monographie 94/1
P. Tavella, C. Thomas, 1991 Metrologia 28 57 DOI 10.1088/0026-1394/28/2/001
User’s manual of Python program : “User’s Manual of “TAgen_basic.py”

User’s manual of Python program : “User’s Manual of “TAgen_pred.py”

S VoA W N

User’s manual of Python program : “User’s Manual of “TAgen_auto.py”
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.?-‘.

Thank you very much
for your kind attention!
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Appendix-1

Interpretation of Eq. (9)
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H Meaning of Eq (9) gii:‘?eerence
x,(8) = ) wi(®) - (&) = Xis(8)} [0 0 |
i Clock-i
(. x,{(t) = x;(t) — X;5(t) means the estimated time
of Clock-S according to Clock-i.
* 1
Clock-S

> |deal
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App-1

B Meaning of Eq. (9)

x,(t) = z wi(t) - {&:(t)

of Clock-S according to Clock-i.

correct.

\
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Interpretation of Eq. (9)

_ Xis(t)}

EQ. (9)

(. X'(t) = x;(t) — X;5(t) means the estimated time A

« xJ(t), might be different from x!(t), because the
prediction errors g; and ¢; are not the same.

* However, we cannotJudge which x¢(t) is truly

CCTF Technical Exchange:
“Time scale algorithms"
June 25, 2025.
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App-1 Interpretation of Eq. (9)

B Meaning of Eq. (9)

x,(8) = ) wi(®) - (%i()) — Xis(8)} [Ea @

of Clock-S according to Clock-i.

« xJ(t), might be different from x!(t), because the
prediction errors g; and ¢; are not the same.

* However, we cannot judge which x4(t) is truly
correct.

« Therefore, the weighted average of estimated
values according to all clocks is adopted as the
\_ estimated time of Clock-S. > Eq.(9).
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(. x,{(t) = x;(t) — X;5(t) means the estimated time A

J
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Clock-i Z Wit (1)) —Xi5(t)}
Sac b Y wi(ty) g(ty)
*x 17
Clock-S
TAp(t,) {.
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App-1 Interpretation of Eq. (9) “Time scale algorithms”
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H Meaning of Eq (9) giig‘?eerence

Xs(8) = ) wi(®) - (Fa(D) — Xis(D) [E0.0 |

Clock-C | wi@{() —Xi(t)}
[ This estimated time of Clock-S usually differs from i |
the actual time of Clock-S. |,

(¢
Actual
A
> If all prediction are perfect with no errors, *x /
both points will be the same. Clock-S

However, this is not a realistic scenario.
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App-1 Interpretation of Eq. (9) “Time scale algorithms”
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H Meaning of Eq (9) giig‘?eerence
xo(8) = ) wi(®) - (Ri(t) — Xis(D) [E2 0 |
i Clock-i

[ This estimated time of Clock-S usually differs from
the actual time of Clock-S.

. . o Actual _ (T
 To solve this inconsistency, TAp(t,) will shift " ua)-/

from the extended value of TAp(t,). czzgk-s/ﬁ /xs(tl)

»¢There is no constraint to keep T4 as
the same value with the previous value.
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App-1 Interpretation of Eq. (9)

B Meaning of Eq. (9)

x,(8) = ) wi(®) - (%i()) — Xis(8)} [Ea @

the actual time of Clock-S.

 To solve this inconsistency, TAp(t,) will shift
from the extended value of TAp(t,).

»¢There is no constraint to keep T4 as
the same value with the previous value.

 From a closer look at the right figure, this shift
X corresponds to the error accumulation.

=>» This is consistent with Eq.(7).
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[« This estimated time of Clock-S usually differs from )

J
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Appendix-2

Continuous steering of MPS
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App-2 Continuous steering of MPS

B Continuous steering of MPS

e After the first adjustment, 7A4 is realized as the
output of MPS.

e The next step is to make x,,p¢, the time difference
between the MPS and TA, equal to zero.

¥
e The adjustment frequency to MPS :

Ay(ty) =—Adp(ty) /(X1 — tr)

————————————————————

Ap(ty) =’ xyps(tx) +

\

___________________

Eq. (14a)

- (tpe1 — )

(14b)

»¢ How to get it? = Next page!

4

Xyps(ty)

TA®t)
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Clock-A |

Ap(t)

1
1
7

"AP(Lz)

Ideal
time

Ly

l;

% Confirm the adjustment method of the MPS!

- If adjustment frequency is added to the external reference

= {Xg(tp) —x,(t —T)}/T
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frequency of MPS, Ay(t;) should be given.

- If adjustment frequency is added to the current frequency
of MPS, Ay(t,)- Ay(t,—1) should be given.
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App-2 Continuous steering of MPS

B Continuous steering of MPS

e How to get xyps(t;) ?

- Using the accumulation of past adjustments:

- Using the measured time differences:
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Xpps(t1) = xq(t1)

Xyps(ty) = xq(tg) — Zﬁ;} Ap(ty,) (k>1)

Xpps(tr) = xq(tx) — Xq mps(ty)

Xpps(t1) = x4(t1)

Eqg. (15a)
(15b)
Eqg. (16)
(~ Xamps(ty) =0)
recommended.
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App-2 Continuous steering of MPS

B Summary of steering:

e Output signal of MPS becomes the “realized TA4".

- TA is realized by compensating for x, of Clock-A. .
» MPS driven by Clock-A is the tool for this compensation. ..

e MPS is continuously adjusted to trace TA.
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- At the first epoch ¢, the MPS is synchronized with Clock-A,

SO xpps(ty)=x4(t1) W|II be compensated at ¢,.

- After ¢,, to make xyps zero, the adjustment frequency to the

MPS should be as follows:

Ay(t) = —

Ag(ty) _ _{xMPS(tk) N

bey1 — U, bey1 — U

Here, xyps(ty) = xq(ty) — Xgq mps(ty)
or, xyps(tx) = x,(ty) —

4 Mesures

Xmps(ti) (X () — x,(;

B

klag(t,) (k>1)

bey1 — U
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______________________

TA i Micro-phase stepper (MPS)
[ :
(&< — =0 >
. - h : a AN !
Xq 5
Clock-A : A¢(t1)
\ aMPS(t$)
: Xa (t’l ; : /
L P N YOO
/‘a d,' N
= / xa(tz) =-l l—- -_— \
Xall) T 7 N ". a(t3) Agp(t,)
— T) Xyps(ty) g !
xMPS(tzj/ renereeneene " g
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