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Least-squares analysis 

for optimal determination 

of frequency ratios



Roadmap for redefinition of the second

Status should be advanced, 

even if not completely 

achieved at the 

time of redefinition

Ancillary 

conditions

Must be achieved before 

changing the definition

Mandatory 

criteria

− High reliability of optical frequency standards

− High reliability of ultra high stability T/F links

− Continuous improvement of the realization and time scales after redefinition

− Regular contributions of optical clocks to UTC(k)

− Availability of commercial optical clocks

− Improved quality of the dissemination towards users

− Validation that optical frequency standards (OFS) are at a level 100 times better than Cs

− Continuity with the definition based on Cs

− Regular contributions of OFS to TAI as secondary representations of the second

− Availability of sustainable techniques for OFS comparisons

− Knowledge of the local geopotential with a sufficient uncertainty level

− Definition allowing future more accurate realisations

− Access to the realisation of the new definition
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ITOC collaboration
Riedel et al, Metrologia 57, 045005 (2020)

BACON collaboration 
Nature 591, 564 (2021)

ROCIT collaboration (2022) ICON collaboration (2023)

Requires comparisons between optical clocks developed independently 

in different laboratories around the world



Recommended values of standard frequencies

For applications including

▪ Practical realisation of the definition of the metre

▪ Secondary representations of the definition of the second (SRS)

Approved by the CCTF or CCL, based on recommendations put forward 

by the CCL-CCTF Frequency Standards Working Group (WGFS)

Secondary frequency standards contribute to TAI 

using the recommended frequency value and uncertainty 

of the SRS on which they are based

Values are periodically updated and published at 

https://www.bipm.org/en/publications/mises-en-pratique/standard-frequencies 

https://www.bipm.org/en/publications/mises-en-pratique/standard-frequencies


Clock comparisons result in an over-determined dataset

4 standards

6 ratios 

3 independent ratios

8 standards

28 ratios 

7 independent ratios

6 standards

15 ratios 

5 independent ratios

For NS different reference transitions with frequencies k (k = 1, 2, … NS),

▪ NS (NS − 1) / 2 different frequency ratios can be measured

▪ Only NS − 1 of these are independent



2021
14 directly measured

frequency ratios

(some more than once)

2017
8 directly measured

frequency ratios

(some more than once)

2015
5 directly measured

optical frequency ratios

In practice not all frequency ratios are measured

115In+

1H

199Hg

27Al+

199Hg+

171Yb+ E2

171Yb+ E3
171Yb

40Ca

88Sr+

88Sr

87Sr

40Ca+

87Rb

133Cs



Analysis of over-determined data sets

H. S. Margolis and P. Gill, Metrologia 52, 628 (2015)

A new approach was needed for analysing over-determined sets of clock comparison data

a) To check the level of internal self-consistency

b) To derive optimal values for the ratios between their operating frequencies

P. J. Mohr & B. N. Taylor, Rev. Mod. Phys. 72, 351 – 495 (2000)

Use a least-squares adjustment procedure, based on the approach used by CODATA to provide 

a self-consistent set of recommended values of the fundamental physical constants

All data stored as frequency ratios 

(optical frequency ratios, microwave frequency ratios or optical-microwave frequency ratios)

Correlations between measured quantities can be included (where known)



Least-squares analysis procedure

Linearize equations using Taylor expansion

around initial estimates of adjusted ratios

Initial estimates of adjusted 

frequency ratios

Perform least-squares adjustment

Best values of adjusted ratios, 

variances and covariances

Optimised frequency ratios
Calculate other frequency ratios and uncertainties from 

adjusted frequency ratios and their covariance matrix

yes

Are adjusted frequency ratios 

sufficiently close to initial 

estimates?

Use output from least-squares 

adjustment as new starting values

no

Perform self-consistency checks
Birge ratio and 

normalised residuals
RB =

2

N – M

1/2

H. S. Margolis and P. Gill, 

Metrologia 52, 628 (2015)

Express measured frequency ratios in terms of 

adjusted frequency ratios, yielding a set of N (nonlinear) equations

Choose set of M = NS - 1 adjusted frequency ratios Must be an independent basis set

Set of N measured frequency ratios, variances and covariances NS reference transitions



Updates to the recommended frequency values

2015

▪ Least-squares analysis used for the first time

▪ Only one algorithm / software available

2017

▪ 3 independent calculations using 2 different algorithms

▪ Correlations neglected

2021 ▪ Correlations taken into account

▪ Optical frequency ratios provided as an appendix to the list

▪ Modified approach to assessment of input data, 

to ensure internal self-consistency of the output data set



2021 update

Sebastien Bize (LNE-SYRTE), Gianna Panfilo (BIPM), Tetsuya Ido (NICT), 

Gérard Petit (BIPM), Helen Margolis (NPL), Chris Oates (NIST)

+ input from Marco Pizzocaro

Analysis performed by a sub-group of the CCL-CCTF Frequency Standards Working Group (WGFS)

“The CIPM list `Recommended values of standard frequencies’: 2021 update”

H. S. Margolis, G. Panfilo, G. Petit, C. Oates, T. Ido and S. Bize, Metrologia 61, 036005 (2024)



3 independent calculations using 2 different algorithms

Numerical calculations must be performed to sufficiently high precision (> 18 significant figures)

Achieved using routines designed for high precision floating point arithmetic

Implementation A   v   Implementation B

Differ by no more than 1 in the 

least-significant (24) digit of the computation

Uncertainties identical to 4 significant figures

Algorithm 1   v   Algorithm 2

Frequency ratio values differ by  2 parts in 1021

Uncertainties differed by  2 in the least significant digit 

of the 4 computed

Output correlation coefficients agreed to better than 1 part in 105

Algorithm 1

H. S. Margolis and P. Gill, Metrologia 52, 628 (2015)

Implementation A 

(MATLAB®)

Implementation B 

(Mathematica®)

Least-squares analysis

Chris Oates

Algorithm 2

L. Robertsson, Metrologia 53, 1272 (2016)

Examination of closed loops in a graph theory 

framework - logarithms of frequency ratios in 

each closed loop should add up to zero

Implementation C (MATLAB®)
Gianna Panfilo



Importance of correlations

▪ Neglecting correlations can lead to biased frequency values and underestimated uncertainties

▪ Correlations can arise from both statistical and systematic uncertainties

▪ Consider

a) Correlations between clocks based on the same atomic species

− E.g. due to common theoretical or experimental values of atomic coefficients

b) Correlations between different clocks in the same institution

− E.g. due to common relativistic redshift correction

c) Correlations arising from common data

− Several ratio measurements involving the same clock, performed at the same time

− Absolute frequency measurements performed using TAI as a reference, 

even if several months apart

H. S. Margolis and M. Pizzocaro, 

Guidelines on the evaluation and reporting of correlation coefficients between frequency ratio measurements (2020)

http://empir.npl.co.uk/rocit/project-outputs/



Input data for the 2021 least-squares adjustment

▪ 105 measurements 

(33 frequency ratios, 72 absolute frequencies)

▪ 483 correlation coefficients computed

− Mostly due to use of the same primary or secondary 

frequency standard to access the SI second

− 86 computed on an ad-hoc basis (common data, 

common coefficients…)

▪ Some modifications to input data compared to 

published results:

− 2 data points had their uncertainty increased slightly 

to avoid unphysical correlation coefficients

− 2 outliers (already present in 2017) had their 

uncertainty increased

− 5 data points had their uncertainty increased 

due to scarcity of data in measurements that 

strongly influence the recommended values



2021 recommended frequency values

Correlations 

between 

recommended 

frequency 

values

▪ 6 secondary representations of the second now have uncertainties 210−16

▪ Optical clocks can contribute to TAI with a similar weight to Cs primary frequency standards, 

if they achieve similar uptimes 



Complete set of frequency ratios also provided

Consistent with the 2021 recommended frequency values, taking into account correlations between those values

▪ Recommended frequency values are enough for 

contributions of secondary frequency standards to TAI

▪ Frequency ratios need to be considered when discussing 

options for redefinition of the second

Appendix B

H. S. Margolis et al. Metrologia 61, 036005 (2024)



Option 2a

Fixed values of 

wi and N 

Option 2b

Dynamic defining values wi and N 

periodically updated by the CIPM, 

following predefined rules adopted 

by the CGPM

Options for redefinition of the second

Option 1

▪ Choose a single optical transition to 

replace the Cs hyperfine transition

▪ Fix the numerical value of the frequency 

of this transition: Xy = N Hz, where 

N is the defining value

▪ Create a defining constant based on several transitions 

rather than just a single one

▪ Quantity whose numerical value is used in the definition 

is a weighted geometric mean of the frequency of 

an ensemble of chosen transitions

▪ Unit of time set by the relation             = N Hz, where 

wi and N are the defining values, and 

 i

wi

i


i

wi = 1

Option 2



But whichever option is selected

One or more of the frequency ratios from a least-squares adjustment 

will be used to set the defining constant or constants appearing in the new definition➢ 

The frequency ratios from the least-squares adjustment will play a key role 

in the Mise en pratique for the new definition➢ 

More scrutiny is needed on the evolution of the frequency ratio values

to ensure the stability of the new definition and realisation of the second

helen.margolis@npl.co.uk
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