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In time and frequency metrology we repeat the measurements and we look for
their «stability»
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Changes may cause disturbance: the
mass of the International Prototype Kilogram
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Masses of the ensemble of prototypes have been slowly diverging from each other.



Or may reveal new physics

Hanford, Washington (H1)

Strain (10°%)

Frequency (Hz)

Livingston, Louisiana (L1)

0.30

0.35
Time (s)

0.40

0.45

0.30

0.35
Time (s)

H — L1 olrerved -
1 \ | =t ST T \
1_u i T ] T l L 1L T Lj L] T |
0.5+ N4+ 'll .
0.0 il O | i~
osl |_:|| I il ‘
-1.0 H — Mumerical relativity " o U — Wumencal relstwity i o
Rt e viErueTed [l ) ReCorilraCied (i)
R ol reced There gt | | i —l.ltm'll‘.n:i:tldllliwl-‘l | |
0.5 ' ' ~. :
0.0
-0.5
512
256
128
64
32

0.40

0.45

2 KN & o @
Normalized amplitude

LIGO Sees First
Gravitational
Waves



What is changing?

¢+ Sometime the physical quantity (the measurand) is varying
¢ Sometime it is the measuring system

¢ The value itself depends on time
¢ or just the noise

¢ The uncertainty may vary with time, even if it is perfectly
estimated now, it may not be valid tomorrow



Repeating measurements

The uncertainty on the single measure
can be evaluated according to the GUM:
Guide for Uncertainty in Measurement
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In same cases, instability is more impacting than single measure uncertainty
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Time series of measures may contain polynomial
component to be treated by least square
estimation techniques (batch, recursive..)

y(t) |

linear drift

quadratic change
> initial offset




but stochastic components are also present
and sometime dominant
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At each instant the measure y(t) is a random variable



Appropriate mathematical tools for describing the
stochastic noises:

: ¢ Spectral analysis of noise W/\/WW

f

decomposition in
elementary frequencies

¢ Filtered variances such as the Allan variance

dispersion of the average
frequency values
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Instability - dispersion - variability §

y(t)
The variance is the measure of dispersion
\ 2
Z(Yi — 1)
2 i=1
o (7)=
(7) N | ;
t, t,+1 t,+31 time t

If the “noise” is stationary, the
estimation of the variance converges

as N grows

i
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For longer observation interval 1, the
variability diminishes
The “noise” is white and

o’ (1) oc;

The variance depends on the
observation interval ©
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Instability - dispersion - variability

- /\W
The variance is the measure of dispersion B Vv E
v y(t) | y,
Z(yi — 1) !
o’ (r) =" N T ‘
L5} L+ t,+3 time t
T T

Other typical noisy behaviour (long term noise)

If the “noise” is not strictly
stationary, e.g. a random walk,
the estimation of the variance do
not converge and depends on N
the number of samples (for any 1)
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If the “noise” is not strictly stationary, e.g. a random walk, the estimation of the variance do not
converge and depends on N the number of samples (for any 1)

IDEA of Allan and Barnes (1966) let’s agree on the number of samples N=2
2

Z (Y, _,U)z

o?(N =2,7) == > =§(y1—y2)2
and let’s average many 2-sample t
variances y(t) _
L
Vi) on
2 L/
o)1)= (%))

v

A“an ﬂiance time

stability of the mean values (on 1 intervals), actually variance of increments
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With the Allan deviation we understand which type of
noise iIs (mostly) affecting the measures, usually
affecting the frequency of the atomic clocks

Allan deviation

1712 = white freq noise

| freg noise
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Allar variotice <> spraciied Gy

A Sy(f) = hq(f) A <o'y(1)> c(r) ¥

random walk

frequency ﬂ|Cker

Log S,(f)

white

log < 6%(1)>

o= -2 _ phase
noise
flicker flicker white random walk
frequency phase frequency frequency
white frequency flicker frequency
> _ >
log f observation log <

interval t



What. 2 learnt

1- In some cases, the frequency instability is more impacting
than single measure uncertainty

2. The instability variance depends on the observation interval t
3. In some cases, the noise is non strictly stationary and the

classical variance is not an appropriate tool. The Allan variance
was proposed and important properties were found
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Most common noise are white, random walk, and

integrated random walk

Time offset = Integral of

in Clock Tune (alse termed Phose]
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Often we want to estimate the accumulated time error due
to stochastic components.? Is there a method?

Allan, UFFC 1987

IEEE TRANSACTIONS ON ULTRASOMICE, FERROELECTRICS, AMD FREQUERCY CONTROL, VOL. UFFC.34, NO. & KOVEMBER 1987

TABRLE 111
Typecal Mokse Type Prediction Time Errar

cr Name T TS Asymprosie Form

P white-moise PM LA X 'r_,.l-.l" N Conslant

i flicker-noise P& ~tp oAkl 2 In T win 7,

& white-noise FM Tt 00T e
-1 flicker-noise Fi T * O 'r,'l-,-"'n."]n 2 Ty
-2 random-walk FM Tt O,(T,) ra

“r, i3 the prediction inierval,
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let's derive that

By the mathematical model for
deterministic and stochastic
behaviour

19



A mathematical model for determinist and stochastic behaviour

White noise plus constant offset and its integrated effect

Frequency offset / Velocity

Time offset / Position

Y(t) = Yo T f(t)

White Frequency Noise +
constant initial offset

E(t):N(0,07)

X(t): Xo T YO(t_to) @

x(t)

Straight Line + Random
Walk on Time Offset

20



Mathematical context: notations

& N

Random Walk Wiener Process

(Brownian Motion)

& N

White Noise f(t) ;cri'izievsas'rive" of a Wiener
£(t):N(0,6%) E(t)dt = o dw (t)

21



Stochastic calculus
dx(t) = y,dt + o dW (t)

t

X(t)= % + Yolt—t,)+ [ £(s)ds
_ dx(t) _
V) === Yo +&(t)

White noise is the derivative

Stochastic integral of Wiener process

AW (t)

/ E(t)dt = o dW (1)

t, t, t

choice of ti

It depends on the |:> It6 stochastic integration

Stochastic integral

~ Ligg ,Z:: (W (ti )—W (ti—l ))

0 = L—-t,
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Diffusion coefficient

Random Walk posi'l'ion x('|'): c W("’) linked to Allan Deviation

X, = —
0 = Yo stand dev = /52 -t

W (t) = j; £(s)ds

The Wiener process
is the integration
(accumulation) of
random steps

~10/

The probability of position at epoch t can be evaluated

G. Panfilo, P. Tavella, "Atomic Clock Prediction based on stochastic differential equations", Metrologia 45, 6, (2008) S108-

S116

P. Tavella, C. Zucca “The Clock Model and its Relationship with the Allan and related Variances”, IEEE Trans. UFFC Ultras.

Ferroel. Freq. Control, vol. 52, no. 2, Feb. 2005, pp. 288-295

D. Allan, “Time and frequency (time-domain) characterization, estimation, and prediction of precision clocks and oscillators”, 23
1987;34(6):647-54. doi: 10.1109/t-uffc.1987.26997.



FOR ANY NOISE

At time t after synchronisation, the time error x(t) is
described by a Gaussian probability density with

0.015 ;— Diffusion coefficient
= linked to Allan
0.01 3 Deviation
0.005 F 4 o2 t= AVAR(t) - t2
o E 10 [\ 20 30 40 E[X( t)]=O

o M Variance[x(t)]=c% t

IBEE THANSACTIONS ON ULTRASOMICS, FERROELECTRICS, AND FREQUENCY COMTROL, VOL. UFFC-M, MO, & KOVEM

TARLE I
____c'!nm_-mu:______ N
Typical Molse Types Prediction Time Errar
o MName i 7.} rms” mpiathe B
I_ :hil:nui_u ;vl - _,. _ _,.-T"l - o t'l:-:I.‘- lllll
1 ficker-noise PM B A wian/2n Ty \'F.
1} white-noise FM 7o 00T
d k h i f i d i i d l —1 flicker-noise FM ot md rp_l_-"l.fm
We do not know the exact time error of an individua e G

clock but we can estimate its statistical overall behaviour



In case of more noises: integrated white and

random walk the exact solution exists:

e t2 /
xl(t): Xg + Yol + aE @m

3

-

2 Ty
Xl(tk+1) = Xl(tk )+ Xz(tk )T t a% 10, Wl,k(T)"' O> -‘-tk W, (S)dS
Xltoa)=Xol)racroW (@)
correlated processes
with initial conditions {Xl(O)z Xy
X2(0)= Yo

White Freg. noise

N

(t)= Yo +at+@G W, ()
N T

Iterative solution useful

for SimUIQtionS, filter, ... —A

RW Freq. noise

l t,=0t t, ..

L. Galleani, L. Sacerdote, P. Tavella, C. Zucca, “A mathematical model for the atomic
clock error”, Metrologia Volume 40 (3), 2003, S257-5264
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What. 2 learnt

1- Deterministic and stochastic behaviour can be modeled by
stochastic differential equations(SDE)

2. The exact (or approximated) solution of the SDE allows the
dynamic behaviour estimation, simulation, and prediction

3. The noises imbedded in the model has usually zero mean
value, they do not impact on the prediction but on the
uncertainty of the predicted values

(therefore allowing to evaluate confidence intervals)
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Will the well understood and modeled
behaviour last forever?

Time Offset [ns]
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I
O
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Example of GPS
space clocks

Possible causes of nonstationarities on
space clocks are manoeuvres and
tests on board, environmental
variations, eclipses, etc. In other
cases, the nonstationarities may be
due to the clock itself.

.12 G14 RAFS-1 vs USN3: Jan 1 - Apr 30 2014

-y

]

W,

Frequency Offset [rel. units]

£
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1 1 1 L ‘.
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Days

Frequency jumps are observed

Frequency Offset [rel. units]

Frequency Offset [rel. units]

x10"" G26 RAFS-2 vs USN3: Jan 1 - Apr 30 2014
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WE NEED A FREQUENCY JUMP DETECTOR
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Q. Wang, F.Droz, P. Rochat, “Robust Clock Ensemble for Time and Frequency Reference System”, presented at the EFTF/IFCS Denver 2015
L.Galleani,P.Tavella."Detection of Atomic Clock Frequency Jumps with the Kalman Filter,” IEEE Transactions on Ultrasonics, Ferroelectr, Freq
Control March 2012. vol. 59, no. 3, p. 504-509, March 2012

Huang X, Gong H, Ou G, Detection of weak frequency jumps for GNSS onboard clocks, IEEE Trans Ultrasonics, Ferroelectr Freq Control. 2014
May;61(5):747-55



http://www.ncbi.nlm.nih.gov/pubmed/?term=Huang%20X%5bAuthor%5d&cauthor=true&cauthor_uid=24802723
http://www.ncbi.nlm.nih.gov/pubmed/24802723
http://www.ncbi.nlm.nih.gov/pubmed/24802723
http://www.ncbi.nlm.nih.gov/pubmed/?term=Huang%20X%5bAuthor%5d&cauthor=true&cauthor_uid=24802723
http://www.ncbi.nlm.nih.gov/pubmed/?term=Gong%20H%5bAuthor%5d&cauthor=true&cauthor_uid=24802723
http://www.ncbi.nlm.nih.gov/pubmed/?term=Ou%20G%5bAuthor%5d&cauthor=true&cauthor_uid=24802723
http://www.ncbi.nlm.nih.gov/pubmed/24802723

From the past we best predict the future and then we compare
prediction with fresh measures (or mean of measures)

Nw = full data set

Nw, = estimation of deterministic behaviour
Nw, = check on jump

Nw,; = moving average to smooth noise —
[ = estimated value of deterministic trend

[le = extrapolated deterministic trend

y, = frequency values smoothed by a moving average T Ay
on Nw, samples (sliding in window Nw,)
Ayz | ys _ﬂe | "
AN ___.f’
if AY > threshold il ~
He
mm) Alarm
Y
g A Y,
~ Y
Nw Nw,
\ ! _
V



Time Offset [ns]

Sometimes real experimental data are
not as we would like
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The importance of data preprocessing
(in automated analysis)

v’ Data series may present gaps, long periods of missing
observation, outliers and jumps

v’ Anomalies have to be detected and properly removed
before the data processing and analysis steps

v' An efficient preprocessing is fundamental to ensure a
proper data analysis



Outliers filtering

Examples of applications to experimental clock data

Clock data
-580 Lﬂ !

ool e v, — S T _
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BADL é _________________________ é ________________________ é _____________________ T ; _______________________ il

Time Offset [ns]
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Outliers filtering

Examples of applications: batch sigma filter
Data outside (mean + k ¢) are removed

-580

-600

-620+

-640

Time Offset [ns]

6801 —clock data

——mean

----mean + 1 sigma

----- mean + 2 sigma

——data removed by 1sigma filter _
c----mm T B oo ro-oommm N [ ]

1 25 5 7.5 10 12,5 15
Day Of the Year [days]

-700-




Outliers filtering

Examples of applications: batch MAD-based filter
Data outside (median + k MAD) are removed

Median
Middle value separating the greater
and lesser halves of a data set '580% __________ ' ______________ SRR R S B—
Ex:2,4,7,2,9,3,1 o0 MM‘*% - |
1,2,2,3,4,7,9 -
median of the absolute deviations 2
from the data's median el
MAD = Median ( |X; - Median(X))| ) © : | | _ |
E Q 5 : 5 :
——clock dataE
680~ — median
--—-median + 1TMAD
----- median = 2ZMAD
7001 ¢ data remoyed by TMAD filter



https://en.wikipedia.org/wiki/Median
https://en.wikipedia.org/wiki/Absolute_deviation

Outliers filtering

A moving window re evaluating sigma and MAD and
validating outliers on different windows may be useful

-580 T
Q“WE?“‘M@

!

500k

qéﬁ%m_muém_”””m_”m_m””m_”””m_”m_éuuu_”””m_m”,muuu_m””m__

-620-

640}

Time Offset [ns]

——clock data
X 1st step: data removed by sliding minimum sigma filter (k=3) -

\ | \ i \
1 2,5 5 7,5 10 12,5 15
Day Of the Year [days]

Filters are applied on a sliding window of 5 hours. Outliers are validated before removal.



Will the well understood and modeled
behaviour last forever?

G25 vs GPS Time Normalized Frequency Offset
September 2012 T !

Frequency Offset [rel. units]

15 J ]
G10 vs GPS Time Normalized Frequency Offset
w10 February 2008
- . | | i i I 2 ! !
540 245 250 255 260 265 270 275
o t [DOY 20101 ) : . — .4
— 1 : : =
: : s 6
-1 CO01 RAFS vs GPS Time June 2 - 8 2014 = k.
x 10 I
2.4 T T T T T % &
g
= [1] :
2.35¢ : s i
It =2 ‘
| é
1 14l
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We need a
dynamical characterization of the noise

Time and Frequency spectral analysis
for example

Not only estimating which frequencies
existed

But also estimating when they existed

38



Time-frequency analysis

It describes how the frequencies of a signal change with time

N
i

TIME (Sec.)
O ) ~ -
o @ O 1o

o
S
1

O
N
I

20 175 200 225 250 275 300 325 350
FREQUENCY (Hz.)

A¢HmMMWMmMMWMMN

L. Cohen, Time-frequency analysis, Prentice-Hall, 1995
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A Dynamic Allan variance

sliding the Allan variance estimator on the data

1]

40



stability may vary with time

sliding stability

O Wi, i estimator
+—) ! AR S N
I3e; 0 R RRIDL SR A o St T S S
" — 1[:] . I ~.._ 7 Ll
é _ \Q“‘\\~ \\\\\'\\\\\\\\\\\’\\3\\\ SRR
c = ' *7-‘\\\\ \\\\\I\M\ :s
= o N '{\ \\\h\ T “"‘ E-fﬁiji'?ij:i:ﬁifi?
< 1 \\\%‘\\\\\\‘*«\\\\\ %‘r&\@%k%
2 10- ‘“,:---::::ffff:::i “Q\\}:‘t‘ﬂ\\%@% ﬁﬁwﬁhﬁﬁ“ﬂm\;ﬁ%ﬁﬁ“@
= . :::::r@;_ \ ‘ﬂﬁﬁ» i SR S L
] \\\ “ﬁ “\L“* % t‘ b S ‘ﬂl‘*ﬁﬂﬁ T
g ~ iﬂ\‘\ﬂﬂ%ﬂﬂ}‘*ﬁ} 111\1 MJ‘;‘ *faﬁ‘ By AL mﬁ s tﬂ\'-ll S
S 0= 1};{:;“ """t""““‘“ "‘“!'!-“ 3 ‘1“‘ *“‘L‘L%It I][ﬁh{i:mm:n# 3':--i
A 10 P ﬁwﬁ“%‘:“m‘# "vﬁfﬁfhﬂ e
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030/,('7 10 600 500
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e :

L. Galleani, P. Tavella, “Dynamic Allan variance” , IEEE Trans UFFC, vol. 56, no. 3, March 2009, pp450-464
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Bump

Simulation results
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The Dynamic Allan variance
Discrete time formulation from the phase samples x[n]

l 1 n+Nw/2-k-1
2.In, k= El(x, [m+k]-2x.[m]+ x. [m—k])°
O y[ ] 2k22'02 Nw — 2k m:n_%/%k( N[ ] N[ ] N[ ])]
where:

» Nw is the window length
» Xy IS the phase signal in the window Nw
» 7, 1S the sampling time

the DAVAR estimator
has no expectation value E because we have one realization only

L. Galleani, P. Tavella, “Dynamic Allan variance” , IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, UFFC, vol. 56, no. 3, March 2009, pp450-464
L. Galleani, P. Tavella, “The Dynamic Allan Variance V: Recent Advances in Dynamic Stability Analysis”, EEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, Vol. 63,
No. 4, Pag 624 - 635, April 2016

43


http://ieeexplore.ieee.org/search/searchresult.jsp?searchWithin=%22Authors%22:.QT.L.%20Galleani.QT.&newsearch=true
http://ieeexplore.ieee.org/search/searchresult.jsp?searchWithin=%22Authors%22:.QT.P.%20Tavella.QT.&newsearch=true
http://ieeexplore.ieee.org/xpl/articleDetails.jsp?arnumber=7339453&filter%3DAND(p_IS_Number:7445917)
http://ieeexplore.ieee.org/xpl/articleDetails.jsp?arnumber=7339453&filter%3DAND(p_IS_Number:7445917)

The change in instability is easily detected

G25 vs GPS Time Normalized Frequency Offset

OX 1 0-1 2 September 2012 G25 vs GPSTime - Active clock: RAFSA
E - : : :
c
:f '0.5’ 10'13
@ Py
T %
% -1F © g
) B
3 -1.5¢ “““H T i
o | | _
o b :
(W s e
: : : : 10" 285 260
- i I | I | I 245
240 245 250 255 260 265 270 27: ls] +DOY2010]

t [DOY 2010]

The computation of the DADEV was available in STABLE 32



Demonstrating stationarity

DADEV

of a new space Rubidium atomic frequency
standard, the Robust-RAFS, developed by
Orolia Switzerland SA (SpectraTime).

The clock manufacturer demonstrates to
the customer that the Robust-RAFS follows the
specifications throughout the entire
performance test.

(courtesy of Fabien Droz, Spectratime)



What. 2 learnt

1.

The (in)stability of time varying quantities may be highly impacting

Instability may be estimated by appropriate tools mathematical models
including noises can be written

Models allow estimation, prediction, simulation, control

The behaviour may change due to ageing, failures, wearing... These
changes are to be detected (rapidly) and the model is be dynamically
updated

Some «preprocessing» on the data is fundamental to identify non
typical behavious

46



How can an ensemble time be defined?

Clock ¢ 'semble

alo’ ithm

Optimising the contribution of each clock

47



S S

Two main steps:

1. Average of clock reading Sﬁ@!bl]‘]ﬁy ‘
oy e

R RS

P o




Clock ensemble algorithm

/

Titme error _//

e

time

49



time

Time error



Weighted average time scale TA

N

> p; [ (t)]

=

TA = ensemble time
h; = reading of i-th clock

pi= weight of i-th clock

X;; = h; - h; = measured clock difference

51



The reading h; of i-th clock is not observable

Only difference between clock reading are measurable
X,'J' = hJ - hl'
The time scale TA is defined

through the difference versus each clock reading

szTA - hk

N
> pilhi(t) = h (1)]

__ =1
h; = reading of i-th clock TA- hk -
pi= weight of i-th clock Z P;

x;; = h; - h; = measured clock difference

TA = ensemble time

52



Simulation 8 Cs

1800

Average of 8 Cs

1000

-500

nanoseconds
[an]

-1000

500 : fl
= R e

»

-1500

1 180 365

days

540 730

Average of 4 Cs

Stability improves

The average time scale TA is
in the middle of clock
readings

the weighted sum of distance
between TA and clocks is
zero

1.E12

c,(t) Frequency stability

1.E-13 1

Simulation of 8 Cs

1.E-14

Average of 8 Cs

1.E-15
1.E+4

1.E+5 1.E+6 1.E+7
Tau[s]
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Ensemble Time Scale

N
Z P [hi(t)_hk(t)] «—] wejghf pi
TA-h, ==—yp assighment

épi

From the theory of least squares, the instability
of TA is minimal if each clock is weighted as
inversely proportional to its insTabiliTy

D = in case of independent clock
y( ) ’\Q
TA = ensemble time sing complete
h; = reading of i-th clock | : clock covariance matrix R
pi= weight of i-th clock Pi = uT . R .yin case of not independent clock

X;j = h; - h; = measured clock difference . .
u is unit vector

54



Clock intercomparison
measures

Data filtering and
smoothing

A 4

Ensemble Time Scale

N
Z P
i—1

Using a clock model and appropriate filtering
techniques as

N
Y oplh(t)-h ()] | «—]

weight p;
assignment

Kalman filter, AutoRegressive, Moving Average, ...




The noise added by the measurement

system needs to be filtered by a
smoothing technique

N W b~ O

True clock random
walk

Noise added by
the measurement
system

Smoothed
estimate
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Stability asks for 1 ingensiﬁvify

to changing number of clocks

. . TA TA
or We|9h1-s N The Cnsemble with N clocks with (N +P- Q)
clocks

S/ } Frequency ST,?P

This means subtracting the ?Time step
predictable behaviour of — — — — .
the new (changed) clock 3 fime

.Prediction by _means_of .clock model



In case of Random Walk,
the best prediction is the
last value

In case of White Noise, the
best prediction is the
average value

vt |,

ol ol
| il
hlli

|
l

gL N

»
»

t
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frequency prediction

7

/ “
Ensemble Time Sgale

y

Clock intercomparison
measures

l

Data filtering and
smoothing

h'(t)

N
> pilhi () {hy (1)} he (t)]

N

2. b

i=1

'

Check on data

weight p;
assignment

A

anomalies

A

Deviation of each
clock

from the TA
TA-h,

Steering T/l towards UTC
or Primary Frequency
Standard
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creering

versus UTC or primary frequency standard

From past measurement

the frequency of the ensemble time is predicted

(or the frequency of an individual clock is predicted )

In real time the predicted frequency offset is corrected estimated

to generate a Steered Ensemble Time

(or to generate a steered individual clock)
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Example of phase

5'@@@5555@ adjustement

tolerance limits

+a
0 ~
time
-a
\
initial new-adjustment new-adjustment

adjustment
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crmering

+ a

0N

Example of frequency
steering

tolerance limits

A

new-adjustment

new-adjustment
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GPS “Bang-bang” steering the freq drift

—1 0 1 2 5 B
T I T T T T l T T T T ] T T T T | T T T l T T T T I T
LC) —
<
N —
" Case I. GPS—UTC(USNO) moving away from O.
© "Bang—bang algorithm accelerates negatively at t=0.
o~ L
| \ | | | \ | | | | | L | | ; | ; | 1 ! | | | | | | | | |
T ‘ T T T T I T T T T [ T T T T l T T ¥ T x 1 T T T | T
LO —

- Case Il GPS—UTC(USNO) will cross O under positive acceleration beginning t=0.
<+ Bang—bang algorithm accelerates positively at t=0.

GPS—UTC(USNO) in nanoseconds

- Case lll. GPS—UTC(USNO) will not reach O under positive acceleration beginning at t=0.
- Bang—bang algorithm accelerates negatively at t=0.

! l 1 Il 1 1 ] 1 1 i 1 | 1 1 1 l | | ( 1 I 1 1 ! 1 I 1

—1 0 1 2 3 4
days



Example of the new
steering algorithm of Rapid
UTC

from time step to frequency steering

—
|

Nanoseconds
- o

LE‘;%,
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[ | | Ao
| : |
e T I . |
T - S T o
A !II j | T of | Le r.-.: "* oL e Hre i i a3
5 A B ¥ |
ey i3 1 =
i 2 —#— old weights/old steer
| . d . | . —#— old weights/gentle steer
0 Q) N Q) N N N 0 N N
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MJD
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What about if we want to estimate a y(t)
guantity changing by deterministic and
random behaviour?

KALMAN filter:

time t

Recursive version of least squares

Optimal linear estimation of a
dynamical system with Gaussian noise

By Kalman - Bucy 1961 65



Kalman estimation needs:

1) a mathematical model of the
evolution in time of the physical
system + Gaussian noise

2) recursive Gaussian
measurement + hoise:
Gaussian noise N(O, =)
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Example: ship position

Constant speed + waves X(t) = vt + &(t)
Measures:  z(t) = x(t)+&(t)

x(t) |

Straight line +
Irregular waves

-| Noisy measures

e Kalman estimate

time
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The Kalman filter mixes two information

1. from past measures and estimates at t, ,,
knowing the dynamics of the system

A prediction of the system at time t,

is possible X(t, |t _,)

2. from the measurement system
l l A measure of the system at time t,

IS available z(t,)

68



X(t) | X(t,_, It1) r The pre_diction has an
S ox(t, |t 1) uncertainty due to the

} """"""" random disturbances
and to the uncertainty
of the previous estimate

X
~N\

—
N’

i 2(t) The measure has noise
and thus uncertainty

= 2(t) = x(t)+&(t)

time
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The two information are combined in a weighted
HU:> average to obtain the best estimate at t,

Estimate:

X [t) = Weight egicion X(t k1) #WeighteasureZ (B

measure

Uncertainty:

2. (t |t.)= combination of the prediction and
measure uncertainty
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Thank you for listening till the end!

patrizia.tavella@bipm.org



	Diapositive numéro 1
	�
	Diapositive numéro 3
	Diapositive numéro 4
	What is changing?
	Repeating measurements
	Diapositive numéro 7
	Diapositive numéro 8
	Diapositive numéro 9
	Appropriate mathematical tools for describing the stochastic noises:
	Diapositive numéro 11
	Diapositive numéro 12
	Diapositive numéro 13
	Diapositive numéro 14
	Diapositive numéro 15
	Diapositive numéro 16
	Diapositive numéro 17
	Often we want to estimate the accumulated time error due to stochastic components.? Is there a method?
	Diapositive numéro 19
	Diapositive numéro 20
	Diapositive numéro 21
	Diapositive numéro 22
	Diapositive numéro 23
	Diapositive numéro 24
	Diapositive numéro 25
	Diapositive numéro 26
	Diapositive numéro 27
	Frequency jumps are observed
	We need a frequency jump detector
	From the past we best predict the future and then we compare prediction with fresh measures (or mean of measures)
	Diapositive numéro 31
	Diapositive numéro 32
	Diapositive numéro 33
	Diapositive numéro 34
	Diapositive numéro 35
	Diapositive numéro 36
	Diapositive numéro 37
	We need a �dynamical characterization of the noise���Time and Frequency spectral analysis �for example
	Time-frequency analysis
	Diapositive numéro 40
	Diapositive numéro 41
	Simulation results : Bump
	L. Galleani, P. Tavella, “Dynamic Allan variance” , IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, UFFC, vol. 56, no. 3, March 2009, pp450-464�L. Galleani, P. Tavella, “The Dynamic Allan Variance V: Recent Advances in Dynamic Stability Analysis”, EEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, Vol. 63, No. 4, Pag  624 - 635, April 2016� 
	The change in instability is easily detected
	Demonstrating stationarity
	Diapositive numéro 46
	Diapositive numéro 47
	Diapositive numéro 48
	Ensemble time
	Diapositive numéro 50
	Diapositive numéro 51
	Diapositive numéro 52
	Diapositive numéro 53
	Diapositive numéro 54
	Diapositive numéro 55
	Diapositive numéro 56
	Diapositive numéro 57
	Diapositive numéro 58
	Diapositive numéro 59
	Diapositive numéro 60
	Diapositive numéro 61
	Diapositive numéro 62
	Diapositive numéro 63
	Diapositive numéro 64
	Diapositive numéro 65
	Diapositive numéro 66
	Diapositive numéro 67
	Diapositive numéro 68
	Diapositive numéro 69
	Diapositive numéro 70
	Thank you for listening till the end!

