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Some mathemati
al equations used in geodesystati
 methods dynami
 methodsgeometri
 relation integral equation di�erential equationobservation equations ofGPS, SLR,VLBI,. . . Integral equationsEnergy integralHammerstein integrale.g. for gravity �eldparameters
post-Newtonian equationfor satellite orbitsvariational equations wrtdynami
al parameters

VLBI GRACE gravity SLRGPS mostly �eld estimation DORISParameters whi
h in�uen
e the shape of an orbit = dynami
 parametersSLR : orbit −→ variational equations


y



y partial derivativesobservation equations
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The geometri
 models of observation equationsDe�nition : parameter ve
tor : p ∈ IRn with a-priori values po ∈ IRn,unknown 
orre
tions : ∆p = p − p0observation ve
tor : q ∈ IRmmodel fun
tion : f (p) ∈ IRmLinearization of f in a neighborhood of po −→ linearized observation equations

gradp f (p0)
︸ ︷︷ ︸design matrix ∆p =

n∑

i=1

∂f

∂pi
(p0) · ∆pi = q − f (p0)

︸ ︷︷ ︸observed - 
omputed

f = f (xsat, ẋsat, xsta, ẋsta, t, p) with
xsat(t), ẋsat(t) : position & velo
ity 
oordinates of one or more satellites,

xsta(t), ẋsta(t) : position & velo
ity 
oordinates of one or more stations.

∂f

∂pi
=

∂f

∂xsat ∂xsat

∂pi
+

∂f

∂ẋsat ∂ẋsat
∂pi

+
∂f

∂xsta ∂xsta
∂pi

+
∂f

∂ẋsta ∂ẋsta

∂pi
+

∂f

∂pi
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Résumé :For the geometri
 or stati
 
onventional models 
ontained in the observationequations, we require its fun
tion value and its parameter and time derivatives.
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The dynami
 models of orbit 
orre
tion methodsVariational equations for the dynami
al parameters

d2

dt2

(∂xsat
∂p

)

=
∂a

∂xsat(∂xsat

∂p

)

+
∂a

∂ẋsat d

dt

(∂xsat

∂p

)

+
∂a

∂p
,with external a

eleration

a = a(xsat, ẋsat, t, p) , a =
∑

i

model aiThe partials of the total a

eleration,
∂a/∂xsat , ∂a/∂ẋsat , ∂a/∂pare made up of the partials of the models ai.
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Résumé :For the dynami
 
onventional models 
ontained in the variational equations,we require its fun
tion value and its derivatives with respe
t to parameters,satellite position, and satellite velo
ity.
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Overview over required modelsphysi
al sour
e geometri
 models dynami
 models� earth gravitational a

el.gravity lunar gravitational a

el.planetary gravitational a

el.earth tides earth surfa
e displa
ement gravitational a

elerationo
ean tides sea surfa
e displa
ement gravitational a

elerationo
ean loadingsolar radiation � radiation drag(e
lipses)earth radiation � albedo and infrared radiationatmosphere atmospheri
 loading air drag (density model)atmospheri
 refra
tionearth rotation pole and lod tide pole and lod tide
oord. transformation 
oord. transformationobservation instrumental models satellite orientation red : not yet 
on-tained in the IERSConventions.
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Résumé :The IERS Conventions models are spe
i�
 for VLBI, GPS and partly SLR.The Integration of DORIS, Altimetry, and other observation methods is suggested.
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Variety of model representations

Gravitational a

eleration due to o
ean tides� �nite elements all over the o
ean� spheri
al harmoni
s I favour to use both approa
hes in my software.Choi
e of 
oordinates : input in
artesian
oordinates −→


al
ulations inspheri
al
oordinates −→

output in
artesian
oordinates
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The 
ode in spheri
al 
oordinates just as taken from the IERS Conventions :C Corre
tion for the out-of-phase part of Love numbers (imaginary part ofC h
(0)
2 and l

(0)
2 ) indu
ed by mantle inelasti
ity in the semi-diurnal band.

rsta = ‖xsta‖ ; rM = ‖xM‖ ; rS = ‖xS‖
sin ϕ = zsta/rsta ; cos ϕ =

√

x2sta + y2sta/rsta

sin λ = ysta/ cos ϕ/rsta ; cos λ = xsta/ cos ϕ/rsta

sin 2λ = 2 cos λ sinλ ; cos 2λ = cos2λ − sin2λ

δrS = − 3/4 δhim cos2ϕ FS (
(x2S − y2S) sin 2λ − 2xSyS cos 2λ

)
/r2S

δrM = − 3/4 δhim cos2ϕ FM (
(x2M − y2M) sin 2λ − 2xMyM cos 2λ

)
/r2M

δnS = 3/2 δlim sinϕ cos ϕ FS (
(x2S − y2S) sin 2λ − 2xSyS cos 2λ

)
/r2S

δnM = 3/2 δlim sinϕ cos ϕ FM (
(x2M − y2M) sin 2λ − 2xMyM cos 2λ

)
/r2M

δeS = − 3/2 δlim cos ϕ FS (
(x2S − y2S) cos 2λ + 2xSyS sin 2λ

)
/r2S

δeM = − 3/2 δlim cos ϕ FM (
(x2M − y2M) cos 2λ + 2xMyM sin 2λ

)
/r2M

δr = δrS + δrM
δn = δnS + δnM
δe = δeS + δeM

∆xsta =





cos λ cos ϕ − sinλ − sinϕ cos λ

sinλ cos ϕ cos λ − sinϕ sinλ

sinϕ 0 cos ϕ









δr

δn

δe




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The same 
ode for normalized 
artesian 
oordinates x̄ = x/r, ȳ = y/r, z̄ = z/r :

C22 = 3
(
FS(x̄2S − ȳ2S) + FM(x̄2M − ȳ2M))

S22 = 6
(
FSx̄SȳS + FMx̄MȳM)

δr = 0.25
(
C22(2x̄staȳsta) − S22(x̄

2sta− ȳ2sta))
∆xsta = (2 δlim− δhim) δr x̄sta − 0.5 δlim(C22ȳsta − S22x̄sta)
∆ysta = (2 δlim− δhim) δr ȳsta − 0.5 δlim(C22x̄sta + S22ȳsta)
∆zsta = (2 δlim− δhim) δr z̄sta
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Tidal deformation in spheri
al formulation

△xr =
h2

2
·
r

g

[ ∂

∂r
Vtg(r, ϕ, λ)

]

=
h2

g
· Vtg(r, ϕ, λ)

△xn = l2 ·
r

g

[ 1

r

∂

∂ϕ
Vtg(r, ϕ, λ)

]

=
l2
g

·
∂

∂ϕ
Vtg(r, ϕ, λ)

△xe = l2 ·
r

g

[ 1

r cos ϕ

∂

∂λ
Vtg(r, ϕ, λ)

]

=
l2
g

·
1

cos ϕ

∂

∂λ
Vtg(r, ϕ, λ)where Vtg = tide generating potential.

Its 
artesian equivalent reads

△x =
1

g

[

l2 · r gradxVtg +
(h2

2
−l2

)2Vtg
r

· x

]
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Résumé :Alternative representations of models are desired.



IERS Workshop on Conventions 2007 � Models 14 DGFI

Modularizationphysi
al sour
e geometri
 models dynami
 modelsearth tides earth surfa
e displa
ement gravitational a

elerationo
ean tides sea surfa
e displa
ement gravitational a

elerationo
ean loadingsolar radiation � radiation dragearth radiation � albedo and infrared radiationatmosphere atmospheri
 loading air dragatmospheri
 refra
tionearth rotation pole and lod tide pole and lod tide
oord. transformation 
oord. transformation
red : models that useastronomi
alarguments, either inform of the Delaunayarguments(l, l′, F, D, Ω) or theDoodson arguments.Both forms shouldbe equivalent.Results for di�erent versions of that 
ode do not 
oin
ide.
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Résumé :The modularization of 
onventional software should be 
onsidered.
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Uni�
ation of terminology

�Equatorial radius of the earth�, sometimes = R⊕, sometimes = a⊕.Probably we have to distinguish between { semi-major axis of an referen
e ellipsoid = a⊕,model-dependent equatorial radius = R⊕.
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R1(ϕ) =





1 0 0

0 cos ϕ sinϕ

0 − sinϕ cos ϕ



, R2(ϕ) =





cos ϕ 0 − sinϕ

0 1 0

sin ϕ 0 cos ϕ



, R3(ϕ) =





cos ϕ sin ϕ 0

− sinϕ cos ϕ 0

0 0 1





Similarity transformation of 
oordinates with rotation R(α) = R1(α1)R2(α2)R3(α3) :

H(x, η) = (1+µ)R(α) · x + d , η =





µ

α

d



 ∈ IR7 .A Taylor expansion of η 7−→ H(x, η) in ηo = 0 reads
H(x, ηo+δη) = H(x, 0) + Hη(x, 0) · δη + O(‖δη‖2) for δη → 0where

H(x, 0) = x =





x1

x2

x3



 , Hη(x, 0) =





x1 0 −x3 x2 1 0 0

x2 x3 0 −x1 0 1 0

x3 −x2 x1 0 0 0 1



 ,and δη =
[
δµ δα δd

]T .Signs of the rotational part being opposed to those of 
hapter 4.Does 
hapter 4 use other elementary rotations than 
hapter 5 ?
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Résumé :Work has to be done to arrive at an uniform terminology throughout the
onventions. Often it is not thoroughly 
lear, if di�erent symbols mean the same obje
t.
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The e�e
t of solid earth pole tide on geopotential is given as

∆C21 = −1.333 × 10−9(m1 − 0.115 m2)

∆S21 = −1.333 × 10−9(m2 + 0.115 m1)Formula with theoreti
al quantities only, values given in a table below.The desired form of the example above 
ould read for instan
e
△C20 = −

1

3

ω2a3

GM⊕

(Re k20 2m3

)

+ O(2)

△C21 = −
1

3

ω2a3

GM⊕

(Re k21 m1 + Im k21 m2

)

+ O(2)

△S21 = −
1

3

ω2a3

GM⊕

(Re k21 m2 − Im k21 m1

)

+ O(2)

with 





m1 = ( xp − x̄p )

m2 = −( yp − ȳp )

m3 =
△ω

ω
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Résumé :Give numeri
al values only separated from the formulas.
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Re
ommendations

• The integration of DORIS, altimetry and other observation methods is suggested.

• A lot of 
onventional models require derivatives with respe
t to time, position, and parameters.

• Admission of alternative representations of models.
• The modularization of 
onventional software should be 
onsidered.
• Work has to be done to arrive at an uniform terminology throughout the 
onventions.

• Give numeri
al values only separated from the formulas.
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Forum on the web

Has already been installed on the Conventions pages.Thanks to you.


